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MODEL

» N + 1-player T-horizon stochastic LQG game

Xi+1 = fir(Xe, UPN, Wy)

Yi = hi(xtv V;)
» {Xq, Wy, VIN} - mutually independent Gaussian random
variables, f; and hj linear
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MODEL

» N + 1-player T-horizon stochastic LQG game

Xi+1 = fir(Xe, UPN, Wy)

Ylt' = hi(xtv V;)
» {Xq, Wy, VIN} - mutually independent Gaussian random
variables, f; and hj linear

» I! - information of DM i at time ¢

:N :N
I; C {Yg:t 7U(1):t71

N
boa=NL  PE=I\C
i=0
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MODEL

Controller 0

N

I

Controller 1

U0 := g%(C, PEN, UIN)

Jus
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STRATEGY AND COST FUNCTION

» Total cost to Controller i in the game is

T-1
J'(8"™) =E |cr(Xr) + > (%, U, UrY)
t=1
» ci— convex, subquadratic

» MSID - multi-stage incentive design problem
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GOAL

Admissible Incentive Policy

g%N* is an admissible incentive strategy profile if
Controller 0’s optimization J%(g"N*) < J9(g"M)
and Nash equilibrium J'(g") < J(g',g~™)
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GOAL

Admissible Incentive Policy

g%N* is an admissible incentive strategy profile if
Controller 0’s optimization J%(g"N*) < J9(g"M)
and Nash equilibrium J'(g") < J(g',g~™)

Common Information Based Subgame-Perfect Incentive
Scheme

1. gO:N*

Let G¢(c;) denote the incentive design subgame with ¢;

2. Forevery t € [T —1], {g% ,,...,¢M* ,}is an admissible
incentive strategy profile for subgame Gy(-)

is an admissible incentive strategy profile

o = = x 9ace



ASSUMPTIONS ON INFORMATION STRUCTURES

1. Common information increases C; C C;;1 and

. o
i1 = S (P, U, Yel )

2. Define S; := X; x PPN and common information based
conditional belief II; as

I (dst) = P8t {dst‘Ct}

I1; is independent of g” at each time ¢

3. Information structure is partially nested
4. ¥ is quadratic
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MAIN RESULTS

» Assumptions 3 and 4 —> Controller 0’s optimization
problem admits affine optimal solution

J(a2521) < J°(g1i0)
» Incentive strategy of Controller 0 is affine

» Best response of followers are also affine (even with
non-quadratic cost)

» in the class of all Borel strategies
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SSID PROBLEM

» State X

» Controller i observes Y and takes an action U’

» Costi="b' (convex, differentiable and subquaratic)



SSID PROBLEM

State X

v

v

Controller i observes Y’ and takes an action U’

v

Cost i = b’ (convex, differentiable and subquaratic)

» 3 a%N*— solution to Controller 0’s optimization problem

v

SSID - single-stage incentive design problem

v

Use supporting hyperplane theorem to design incentive
scheme for Controller 0
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PI(YO:N) o |:gb;(x YON UON)
M) = B[

- Z(X YON UON)

U0:=q0* (YO:N) 7Ui:ai* (Yz)

]
/

Assumption: ||P¥||2

U0 =q0* (YO:N)7Ui:ai*(Yz)
i_qo) 7 0 for p-almost every y

ioony - POYCNMI(y)
Q(yON)[U] - ||Pl 2

”ﬁyi(yfi_ﬂw)

u'.

nae
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i(\,0:N 8bl 0:N | |O:N
PIYN) = B |2 (X,YON,UON)
Mi(yi) — |:§31'(X>YO:N7U0:N)
Assumption: HP1H§J (‘zJ

U0:=q0* (YO:N) 7Ui:ai* (Yz)

)
/|

UOZZC%O* (YO:N)7Ui:ai*(Yi)
i) # 0 for y-almost every Y’
Qi(yO:N)[ui] _ Pi(yO:N)Mi(yi) i
2
||P1H5§yi(1é—i_>uo)
Theorem

u'.
Incentive strategy of Controller 0 given by

N
g0*<y0:N7 ul N) _ aO*(YO:N) _ <Z (Qi(yO:N) [ui B ai*(yz)])

i=1 >
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MSID PROBLEM

Let a%l}]ﬁl = Controller 0’s optimal solution

Vg(Ct) =E |:C; (Xt7 a(t)*(ct, P?:N) 1*(Ct, Pl) N*(Ct, PN))

|

+Vi1(Ceia)

1. Cyyq is affine in U%N forall t € [T — 2]
2. Viis convex and differentiable in C; for all t € [T — 1]
3. Vi 41 is convex and differentiable in Uiforallt € [T — 2]

4. V}is subquadratic
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MSID PROBLEM

0:N )

i . 0:N o i 0:N
by_q(er—1;%r-1,P7-1,ur-1) = Cp_q1(Xr—1,u7) +

E [CiT(XT) |ler—1,xr—1, p¥y, u(%zl_\fl}

bé(cs;x57ps 2 ON) - (¢ (x57 )+E |:Vt+1 Ct+1 ‘C57XS7 0N7ug:N:|

Decompose MSID into a sequence of SSID(¢, ¢;) problems
. The state of the system is X;
. The observation of Controller i is P:

1
2
3. The probability measure over X; x PPN is m;
4. The control action of Controller i is Ul

5

. The cost functions of Controller i is b:(c;; -)
o = = = 9vac
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