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Abstract—In this paper, we focus on the users’ aggregate data
demand dynamics in a wireless communications market served
by a monopolistic wireless service provider (WSP). Based on the
equilibrium data demand, we optimize the WSP’s data plans and
long-term network capacity decisions to maximize its profit. First,
by considering a market where only one data plan is offered, we
show that there exists a unique equilibrium in the data demand
dynamics regardless of the data plans, and that the convergence of
data demand dynamics is subject to the network congestion cost,
which is closely related to the WSP’s long-term capacity decision.
A sufficient condition on the network congestion cost indicates that
the WSP needs to provide a sufficiently large network capacity to
guarantee the convergence of data demand dynamics. We also pro-
pose a heuristic algorithm that progressively optimizes the WSP’s
data plan to maximize its equilibrium revenue. Next, we turn to a
market where two different data plans are offered. It is shown that
the existence of a unique equilibrium data demand depends on the
data plans, and the convergence of data demand dynamics is still
subject to the network congestion cost (and hence, the WSP’s net-
work capacity, too). We formalize the problem of optimizing the
WSP’s data plans and network capacities to maximize its profit.
Finally, we discuss the scenario in which the data plans are offered
by two competing WSPs and conduct extensive simulations to val-
idate our analysis.

Index Terms— Congestion, data demand dynamics, pricing,
wireless markets.

I. INTRODUCTION

E have witnessed over the last decade a successful pro-

liferation of wireless networks, which support a variety
of services and applications, and increasingly heated competi-
tion among the wireless service providers (WSPs). To sustain
their competitive positions in the market and increase revenues,
WSPs themselves will need to appropriately price their scarce
network resources and expand their network capacities to sup-
port the unprecedented amount of wireless traffic. Hence, it be-
comes of paramount importance for these WSPs to understand
how the aggregate data demand of all the subscribers evolves
and how the demand is affected by various pricing plans.
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In this paper, we are interested studying the users’ aggregate
data demand dynamics, and optimizing the WSP’s data plans
and network capacities in a wireless communications market.
In general, the WSP’s network capacity is difficult to change
once it is deployed and hence, it is a long-term strategy for the
WSP to decide its network capacity [8]. In contrast, the WSP can
adjust its data plans over the lifespan of its network infrastruc-
ture, although the data plans cannot be updated as frequently as
the users change their data plan subscription. Overall, we will
assume that the users may change their data plan subscription
frequently based on their short-term (e.g., a few days or weeks
per period) decisions, the WSP’s data plans are changed less fre-
quently based on the WSP’s medium-term (e.g., several months
or years per period) decisions, while the WSP’s network ca-
pacity decision is a long-term (e.g., several years per period)
decision. In order to evaluate and compare the long-term prof-
itability of networks with different capacities, the WSP needs
to predict its maximum profit for each network capacity config-
uration. To maximize revenue given the network capacity and
the associated cost, the WSP needs to know the users’ aggre-
gate data demand and their willingness to pay for the service,
and then choose its optimal data plans. Hence, by using back-
ward induction, we study first the users’ dynamic decisions as
to whether or not they subscribe to the WSP’s data plans (i.e.,
short-term problem), then the WSP’s revenue-maximizing data
plans (i.e., medium-term problem), and finally the WSP’s net-
work capacity decision (i.e., long-term problem). Note that we
assume in our study that the medium-term period is sufficiently
short compared to the long-term period, while it is sufficiently
long compared to the short-term period.

We consider a wireless market with a monopolistic WSP
serving a sufficiently large number of users. For the sake of
analysis, we consider that the WSP can offer one or two data
plans, while each user can subscribe to one of the available data
plans. Due to the resource constraint (e.g., network capacity),
congestion effects are observed when multiple users share
the same network, degrading the network performance (e.g.,
increasing delays). Essentially, congestion effects are a type
of negative network externalities and have similar impacts to
prices on the users’ experiences (i.¢., utilities). Thus, congestion
effects are also referred to as congestion costs in the literature
[14], [23]. Taking into consideration the charged price and
congestion cost, each user can dynamically decide whether to
subscribe to the WSP’s service and which data plan to subscribe
to. First, by considering a market where only one data plan
is offered, we show that there exists a unique equilibrium in
the data demand dynamics regardless of the data plan or con-
gestion costs. Nevertheless, the convergence of data demand
dynamics is subject to the network congestion cost, which
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is closely related to the WSP’s long-term capacity decision.
We derive a sufficient condition for the convergence of data
demand dynamics, indicating that the WSP needs to provide
a sufficiently large network capacity. A heuristic algorithm is
also proposed to progressively optimize the WSP’s data plan
such that its equilibrium revenue is maximized. Next, we turn
to a market where two different data plans are offered. We
show that the existence of a unique equilibrium data demand
depends on the data plans. Moreover, the convergence of data
demand dynamics is still subject to the network congestion cost
(and hence, the WSP’s network capacity, too). The problem
of optimizing the WSP’s data plans and network capacities is
formalized and solved by numerical methods to maximize its
profit. Next, we discuss the scenario in which the data plans
are offered by two competing WSPs (i.e., a duopoly market)
and find that the two WSPs only need to adjust their data plans
a few times before reaching an equilibrium. Finally, extensive
simulations are conducted to validate our analysis. Numerical
results shows that, to maximize the profit, the WSP needs to
increase the network capacity for its capped data plan while
reducing the network capacity for its unlimited data plan.
This coincides with the current trend that some WSPs have
discontinued the offering of unlimited data plans [20].

The rest of this paper is organized as follows. We review the
related literature in Section II. Section III describes the model.
In Section IV and Section V, we study the data demand dy-
namics, data plan decision and capacity desicion for a wireless
market where one and two data plans are offered, respectively.
In Section VI, we provide numerical results to validate our anal-
ysis. Finally, we conclude this paper in Section VII.

II. RELATED WORKS

The engineering community has recently started to analyze
as well as consider the design of existing and emerging wire-
less markets from various perspectives. Because of the space
limitation, we only provide an incomplete list of related liter-
ature. In our previous work [1], we study the user subscrip-
tion dynamics and revenue maximization in both monopoly and
duopoly communications markets, based on a general distribu-
tion of users’ valuation of quality-of-service (QoS) and a gen-
eral QoS function that captures negative network externalities.
Focusing on two specific access technologies (i.e., wide and
local area network), the authors in [2] apply a stochastic geo-
metric model and study the convergence of user subscription dy-
namics. In [3], the authors showed that noncooperative commu-
nications markets suffer from unfair revenue distribution among
the service providers and proposed a revenue-sharing mecha-
nism that requires cooperation among the service providers. The
behavior of users and its impact on the revenue distribution,
however, were not explicitly considered in [3]. Reference [4]
studies technology adoption and competition between incum-
bent and emerging network technologies. The model character-
izing the users’ valuation of QoS is restricted to uniform dis-
tributions, and only constant QoS functions and positive net-
work effects are considered in [4]. The user evolution in wire-
less social community networks is investigated in [5], where
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a key assumption is that the social community network pro-
vides a higher QoS to each user as the number of subscribers in-
creases. While this assumption is valid if the network coverage
is the only factor that determines the QoS, it does not model
the QoS degradation due to, for instance, user traffic conges-
tions at the WSP. By taking into account the congestion cost
(i.e., negative network externalities), [6] studies the feasibility
of Paris Metro pricing (PMP) and shows sufficient conditions
on the congestion cost functions, under which PMP leads to a
higher revenue or social welfare than flat-rate pricing. Pricing
decisions (restricted to unlimited data plans) and network ca-
pacity decisions in the presence of network congestion effects
are studied in [8], where a missing part is the analysis of users’
subscription decisions. Reference [10] investigates market dy-
namics emerging when next-generation networks and conven-
tional networks coexist, by applying a market model that con-
sists of content providers, service providers, and users. Never-
theless, the level of QoS that a certain technology can provide
is not considered in the model. The authors in [11] formulate
a rate allocation problem by incorporating the participation of
content providers into the model, and derive equilibrium prices
and data rates. In [13], time-dependent pricing is studied from
the perspective of its efficiency in terms of revenues. In [14], an
upper bound on the efficiency loss as a result of price compe-
tition is derived in the context of congested markets, where an
infinite number of users can selfishly route their traffic through
the network.

In the aforementioned works, however, several key points are
neglected. First, user heterogeneity in terms of data demand is
not considered in these works (except for [11]). Specifically, it
has been an implicit yet common assumption in these works
that every user has the same data demand when it subscribes to
the service provider. In other words, the QoS provided by the
service provider only depends on the number of subscribers, re-
gardless of their actual demand. Hence, user heterogeneity in
terms of data demand cannot be captured and the QoS charac-
terization may not be accurate under this assumption. Second,
in most of the works, only a single data plan (e.g., flat-rate
or “unlimited,” usage-based price) is considered. Nevertheless,
with the exploding popularity of smart phones, multiple pricing
schemes are emerging in the market. For instance, capped data
pricing plans and unlimited data pricing plans are both avail-
able in current wireless markets. Last but not least, it remains
unknown how the congestion costs affect the aggregate data
demand dynamics, in terms of both the equilibrium point and
convergence, and the resulting revenue of the WSP. To address
all these concerns, we propose a unified model that captures the
user heterogeneity in terms of data demand and various practical
data plans. Then, we study the users’ data demand dynamics,
and the WSP’s data plan decision and network capacity deci-
sion.

III. MODEL

Consider a wireless communications market where one mo-
nopolistic WSP, denoted by W, offers to /N users data commu-
nications service, which takes up an overwhelming majority of
the wireless traffic [21]. By assuming that /V is sufficiently large
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such that each user is negligible,! we use a continuum user pop-
ulation model and normalize the number of users to 1 [1]-[8].
In general, WSP W may offer multiple data plans, and users can
choose any of the plans depending on their own preferences (the
user choice shall be detailed later). As in [8], to keep the analysis
tractable, we assume that WSP W offers up to two data plans,
represented by P; and Pa, respectively. For notational conve-
nience, we also refer to users that subscribe to the plan P; as
‘P;-users (or P;-subscribers), for ¢ = 1, 2. Next, we shall pro-
vide the modeling details of the WSP and users.

A. WSP Model

Before entering a market, the WSP needs to first make invest-
ment in infrastructure. In this paper, we concentrate on the WSP’
capacity deployment which, once determined, is difficult to ad-
just and hence is an irreversible long-term decision [7]. Denote
by C; > 0 the network capacity (normalized by the number of
users V) that the WSP allocates to its data pricing plan P;, for
1 = 1, 2. Assuming that the WSP incurs an average cost of 7
per unit capacity,2 we can express the WSP’s equilibrium profit
per short-term period (i.e., users’ subscription period) as

My = Y {R - 7Ci} (1)

i=1,2

where R; is the equilibrium revenue per short-term period de-
rived from P;-users. Note that in (1), we neglect the recurring
cost of serving the users, which can also be absorbed into the
revenue R; [7]. To maximize its profit given the users’ rational
decisions, the WSP shall strategically determine its capacities
C = {C4, C>}. After building the network, the WSP decides its
data plans and may alter them throughout the network’s lifespan.

In today’s wireless market, the most popular data plans are
“unlimited,” “capped,” and “usage-based,” all of which can be
represented by a unified pricing model specified by (p, d*,v):
each subscriber pays a fixed subscription fee p that allows it to
transmit and receive up to d* units of data; for each unit of ad-
ditional data usage exceeding the capped data limit d*, the sub-
scriber pays v. In special cases, a capped data plan characterized
by (p, d*,~) becomes a usage-based one if p = (0 and d* = 0,
and an unlimited data plan if d* = oo or v = 0. For analytical
tractability and to gain insights on how the congestion costs af-
fect the data demand dynamics, we assume that the WSP’s data
plan P; = (p1,+00,0) is “unlimited” whereas its data plan
Py = (p2.ds,v2) is “capped.” 3 This assumption, which may
seem strong, can be justified by noting that some WSPs have
(partially) resorted to capped data plans in view of the soaring
wireless data service demand that frequently clogs their network

! Another interpretation of the continuum model is that there is a representa-
tive user which has the same characteristics (e.g., data demand) as each user ¢
in the market with a certain probability.

2The cost is averaged over the lifespan of the network infrastructure. For in-
stance, if a network with a lifespan of 7 short-term periods (i.e., users’ sub-
scription period) is built at a cost of 7 per unit capacity, then the average cost
per unit capacity is 7 = %

3In the most general case where both data plans are “capped,”’the approach
of analysis in this paper is still applicable, although the analysis becomes more
complicated.
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infrastructure. Moreover, even if the WSP offers two capped
data plans, it is likely that one of the data plans has a very high
data limit, which only a negligible fraction of subscribers can
exceed in practice, and thus this data plan is almost “unlimited”
(see, e.g., [20]).

B. User Model

Due to the capacity constraint, the network becomes more
congested (i.e., negative network externalities or effect) as more
data flow is transmitted [2], [13]. Such an effect is quantified by
the congestion cost, which has similar impacts to prices on the
users’ experiences (i.e., utilities) [14]. We denote the conges-
tion cost associated with the data pricing plan P; by ¢;(D;. C;),
where ¢« = 1, 2 and D; > 0 is the aggregate data demand (i.e.,
the total data demand of all the P;-users over a certain period)
and C; is the capacity allocated to P,-users. Without causing
ambiguity, we simplify ¢;(D;, C;) as ¢;(D;) by removing C;
wherever applicable. An implicit assumption in the model is
that congestion costs for different data plans are independent
of each other, which may be achieved by splitting network ca-
pacity among the plans [7].

Users are heterogeneous in the sense that they may have dif-
ferent data service demand and different benefits of utilizing
the WSP’s communications service. To model the user hetero-
geneity, each user & is characterized by a two-element tuple
(81, di), where 8, indicates user k’s benefit from data service
and dj denotes its data demand over a certain period (e.g., a
month or a day). The values of §; and d; can be determined
by various approaches. For instance, (., d;) may be user k’s
intrinsic characteristic and not influenced by the WSP’s pricing
schemes. In such scenarios, each individual user has inelastic
demand [13], [14], although the aggregate demand of all the
users is still elastic and influenced by the prices. Mathemati-
cally speaking, when user & subscribes to the WSP’s data plan
P, its utility is given by

wi = 0 — gi(Ds) — pi — i [di — ] ()

where [z]T = max{0,z}, and if its data demand exceeds the
granted data limit d*, the term ~y;[dy, — d¥]T is positive and rep-
resents the additional cost user % incurs. Similar utility functions
have been used in [4], [6], [11]-[13], and references therein. The
utility function in (2) can be interpreted as follows: 8 represents
the benefit that user & receives from dj, units of data service,
¢:(D;) indicates the congestion cost (i.e., negative network ex-
ternalities), and p; +;[ds, — d} ]+ is the payment made to WSP
W; [12]. Users that do not subscribe to any data plans obtain
zero utility. Now, we impose some standard assumptions on the
users’ data demand and their benefits, users’ subscription deci-
sions, and the congestion function g;(D;).

Assumption 1: The users’ benefits and their data demand
follow a two-dimensional distribution whose joint density func-
tion f(6,d) is defined on U = {(0,d)|0 < 8 < O1ax, 0 < d <
dmax }- For completeness of definition, we have f(6.d) = 0
for all (4, d) ¢ U. The cumulative density function is given by
Fo.dy = [ [°_ f(z,y)dady for (9,d) € R?.

4Starting from June 7, 2010, AT&T discontinued unlimited data plans to its
new iPhone users and adopts a capped data plan as considered in this paper [20].
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Assumption 2: Each user k subscribes to the data plan P;
ifue; > up,; and ug; > 0ford,j € {1,2} andi # j. If
U1 = ug2 > 0, user k subscribes to the unlimited data plan
P15

Assumption 3: ¢;(D,) is a nonnegative, nondecreasing, and
differentiable® function in D; € [0, Dyax], where Dy, is the
maximum possible aggregated data demand, normalized with
respect to the total population, and given by

dmax Omax

/ yf(z.y)dudy.

y=0 £=0

A

D max — (3)

We briefly explain the above three assumptions. Assumption
1 can be considered as an expression of user diversity in terms
of the benefits and their data demand. The lower bound on the
interval is set as zero to simplify the analysis, and this will be
the case when there is enough diversity in the users so that there
are nonsubscribers for any positive price [7], [8]. Assumption
2 captures the user rationality. A rational user will subscribe to
the data plan that provides a higher utility if at least one data
plan provides a nonnegative utility, and to neither data plan oth-
erwise. Assumption 3 indicates an intuitive fact that the con-
gestion cost that each user experiences when subscribing to the
data plan P; becomes larger when the aggregate data demand
increases.

Before concluding this section, it is worthwhile to provide the
following remarks regarding our model.

Remark 1: As in [13], we assume for the convenience of
analysis that each individual user k£ has an inelastic and fixed
demand dj, (and benefit 7, too). Alternatively, dj, can be de-
termined by solving a utility maximization problem and 6}, is
the maximum benefit that user £ receives [11]. Nevertheless,
given the WSP’s data plans, (¢, d) still follows a certain distri-
bution over all the users and thus, our approach can be viewed
as a proxy to determine the users’ demand and benefit, provided
that the distribution does not change significantly with the data
plans.

Remark 2: Compared to the congestion cost function used
in the existing literature that disregards the user heterogeneity
in terms of data demand and is defined solely in terms of the
number of subscribers [1], [6], [8], g:(D;) is more accurate in
modeling the congestion effect. Whilst the actual congestion
cost also depends on when the users utilize the network, we
consider the congestion cost averaged over time and ignore the
time dependency to keep the analysis tractable [14].

Remark 3: The shape of the congestion cost function g;(D;)
may be determined by various factors, including the network
capacity, resource allocation schemes and/or scheduling algo-
rithms used for the data plan P;. While our analysis applies to a
general function g;(D;) satisfying Assumption 3, we shall ex-
plicitly focus on the impacts of network capacities on g;(D;)

5Online surveys show that users generally prefer an unlimited data plan to
a capped one [22]. Moreover, specifying an alternative tie-breaking rule (e.g.,
random selection between the two data plans) in case of #1317 = g2 > 0 will
not significantly affect the analysis of this paper.
6Since ¢;(-) is defined on [0, Duax], We use a one-sided limit to define the
lim ) g4 [9i(£2)—2,(0)]
-0

derivative of g(-) at 0 and D,ax, €.8., ¢;(0) =
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when we derive specific results or study the WSP’s long-term
capacity decision. For instance, a concrete example is given by
gi(D;) = g? , which has been widely used (with minor modifi-
cation, e.g., lassuming all the users have the same data demand)
in the prior works [6], [8], [18], [19].7

Remark 4: In addition to negative network externalities (i.e.,
congestion costs in this paper), positive network externalities
may also be observed in a communications network. For in-
stance, when more users subscribe to the WSP’s data plan, the
value of communications service may become higher as more
users can communicate with each other [4]. As in prior research
(e.g., [2], [6]-[8], [14], [15], [23]), we neglect the positive net-
work externalities and concentrate on the impacts of congestion
effects on the users’ subscription decisions.

IV. WIRELESS COMMUNICATIONS MARKET: SINGLE DATA
PLAN

In this section, we study the wireless communications
market where the WSP offers a single data plan. Without
loss of generality, we assume that the offered data plan is
P> = (p2,ds.~v2) and, as aforementioned, the unlimited data
plan P; = (p1,20,0) is a special case when the data limit is
infinity. The timing (i.e., order of moves) can be described as
follows.

Stage 1 (long-term): The WSP decides its network ca-
pacity Cs to deploy to maximize its profit.

Stage 2 (medium-term): Given C5, the WSP chooses its
optimal data plan Py = (pa, d5, v2) by specifying pa, d5
and -5 to maximize its revenue.

Stage 3 (short-term): By jointly considering the conges-
tion cost and offered data plan, users decide whether or not
to subscribe to the WSP’s service.

From the described timing, we see that the WSP can be re-
garded as the leader whereas the users are followers. Thus, in
order to identify the optimal data plan and network capacity, the
WSP needs to first know how the users make their subscription
decisions. Therefore, we proceed with our analysis using back-
ward induction.

A. Users’ Subscription Decisions

Due to rationality, users will not choose to subscribe to the
WSP’s data plan P if they cannot obtain nonnegative utilities.
Essentially, the subscription decision stage can be formalized
as a noncooperative game with an infinite number of players,
the solution to which is (Nash) equilibrium. At an equilibrium,
if any, no users can gain more benefits by deviating from their
decisions. In other words, the aggregate data demand of those
users subscribing to the WSP’s data plan does not change at
the equilibrium. Given the WSP’s long-term capacity decision
and an aggregate data demand Dy of the subscribers, the con-
gestion cost is uniquely given by g2(D3). Moreover, the users’
subscription decisions are also determined based on the sign of
(2), i.e., user k subscribes to the data plan P» if and only if
g = O — 92(D3) — Yoldr — d§]+ > 0. Hence, we study

TAnother congestion cost function widely adopted in the literature is
g:(D;) = ﬁ, which satisfies Assumption 3. Thus, our analysis is also

applicable if g;(D;) = (C%

o i considered.
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the users’ subscription decisions at the equilibrium by speci-
fying the equilibrium (aggregate) data demand Dj. First, we
can mathematically express the equilibrium data demand as

D3 =hy (D3)

dmax

= yf(z,y)dedy. (4

]+

fmax

y=0 T=g2 (Dé )+P2 +72 [y—df_;'

Thus, an equilibrium data demand exists if and only if the map-
ping h2(D3) in (4) has at least one fixed point. Next, we for-
mally define the equilibrium data demand as follows.

Definition 1: When only data plan P, is offered,
D3 € [0, D,y is an equilibrium data demand if it satis-
fies

ha (D) = Dj. (5)

We establish in the following proposition the existence and
uniqueness of an equilibrium data demand D73 .

Proposition 1: For any data plan Py, = (p2, d3,¥2), there
exists a unique equilibrium data demand satisfying (5).

Proof: See Appendix A. O

It can be seen from Proposition 1 that the data plan Py =
(p2, d5,v2) uniquely determines the equilibrium data demand.
Although it is in general rather difficult to express D3 as an ex-
plicit function of Py = (p2, d5, v2), we summarize in Proposi-
tion 2 the relation between the data plan Pz = (pa, d3.y2) and
the equilibrium data demand D3 .

Proposition 2: For any congestion cost function go(D2) sat-
isfying Assumption 3, the equilibrium data demand D3 has the
following properties:

1) D3 > 0ifandonly if 0 < py < [fmax — 92(0)]T;

2) D3 is nonincreasing in pa > 0;
3) D3 is nonincreasing in y2 > 0;
4) D3 is nondecreasing in d5 > 0.
|

Property 1 shows that no users will subscribe to the WSP’s
data plan P, if the fixed subscription fee ps exceeds the max-
imum benefit among all the users minus the minimum conges-
tion cost. Properties 2 and 3 are consistent with the standard
demand-price relation: increasing the price will not increase the
demand. Property 4 indicates that the data demand will increase
or at least remain the same if the data limit 3, which each sub-
scriber can enjoy without incurring additional costs, increases.
This stems from the fact that increasing the data limit results in
the decrease of payment for users with high data demand ex-
ceeding the limit d5.

In practice, the users do not have complete information re-
garding each other and hence, they may not make directly the
subscription decisions that lead to an equilibrium. Instead, an
adjustment process where the users update their subscription de-
cisions based on limited information is required. To formally
describe the adjustment process, we consider a discrete-time
model denoted by {D5}.° ), where D4 > 0 is the (aggregate)
data demand in the Zth time period and Dg € [0, Dyax] is
the initial data demand. A natural and well-studied approach to
modeling the adjustment process is the best-response dynamics,
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in which each decision maker chooses the best action in re-
sponse to the decisions made by the others. As in [1], [5], [9],
[15], we consider the best-response dynamics based on naive (or
static) expectation, and assume that the users can only change
their subscription decisions (e.g., opt out of the plan P») at dis-
crete time periods indexed by £ = 1,2, - - -. Specifically, at the
beginning of the time period ¢, user k& holds a (static) belief
on the congestion cost, denoted by g2 (D) = g2(D571), and
makes its subscription decision in a myopic way [4], [5].8 When
only one data plan P is offered by the WSP, each user has a
choice of whether to subscribe to the plan at the beginning of
each time period. In particular, user % subscribes to the data plan
P in the time period ¢ if and only if it believes that its utility
O — Gou(DE) — p2 — yoldi — ds]" = 01 — g2(D5 ") —p2 —
Yoldi — d§]+ > 0. Note that, in order to make subscription
decisions at time #, the users need to know the data plan P,
and receive a signal indicating the congestion cost gg(Dg‘l)
at t — 1. The best-response decision model implies that, for
t = 1,2,..., the data demand dynamics evolves following a
sequence { D5}~ specified by

D =hy (D)
dmax

= yf(x,y)dxdy (6)

Tr

fmax

y=0 r=gs (Dgil)ererWz [yid;

starting from an initial point DY € [0, Dpyay]. Essentially, the
dynamics in (6) is a fixed point iteration for ha(-) and it con-
verges regardless of the initial point if |h5(D2)| < 1 for Dy €
[0, Dinax] [25]. Nevertheless, |h5(D2)| < 1 may not hold for
all congestion cost functions, resulting in oscillation in the data
demand dynamics. In accordance, the WSP’s revenue becomes
instable and may cause higher risks for the WSP’s operation in
the market. Let us consider a hypothetical example to explain
this point. Suppose that the network is highly underutilized in
the time period # and each subscriber incurs a low congestion
cost. Users expect that the congestion cost will remain low in
the period £ 4 1, and thus more users subscribe to the data plan
P2, leading to a high congestion cost in the time period £+ 1. The
increase of congestion cost in turn will induce a small amount of
data demand in the time period # 4+ 2. When the congestion cost
function is very sensitive to the aggregate data demand, the data
demand dynamics may oscillate around or diverge away from
the equilibrium point. In the following proposition, we provide
a sufficient condition under which the data demand dynamics is
guaranteed to converge regardless of the initial points.
Proposition 3: For any data plan P> = (pa, d5,v2), the data
demand dynamics specified by (6) converges to the unique equi-
librium point starting from any initial point D3 € [0, d] if

2
7 D =
92( 2) < K .-d2

max

max
D2€[0,Dmax]

(M

where Dy, is given by (3), dinqe is the maximum individual
demand and K = maxs qyes f(0, d).

Proof: See Appendix B. O

8This model of belief formation is called naive or static expectations [24].

A similar dynamic model of belief formation and decision making has been
extensively adopted in the existing literature such as [1], [4], [5], [9]
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Proposition 3 states the relation between the congestion cost
function and the distribution of (. d) such that the data de-
mand dynamics converges, and holds for a general yet prac-
tical data plan. Although the convergence condition (7) is suffi-
cient but not necessary, it provides us with the insight that, for
a given distribution function f(#, d), if the congestion cost in-
creases too fast (i.e., g5(D2) is larger than (Kdz—g) for some
Dy € [0, Diax]), the data demand dynamics mg;xoscillate or
diverge. A similar insight was reported in [17] in the context of
the decentralized spectrum access in cognitive networks. Next,
by considering g2(Dz) = gf for Dy € [0, Diax|, we investi-
gate the impacts of the WSP’s long-term capacity decision on
the convergence of the users’ data demand dynamics. The result
is summarized as follows.

Corollary 1: Suppose that go(D2) = g—; for Do €
[0, Diax]. For any data plan P2 = (p2.d5,72), the data
demand dynamics specified by (6) converges to the unique
equilibrium point starting from any initial point DY € [0, D,pax]
if

K- d
02 > max

. ®)

where K = max g)er f(0,d). If f(0,d) = 1 overd =
{(8,d)]0 <6 < 1,0 <d < 1}, then (8) becomes Co > 5. W

Corollary 1 indicates that the network capacity allocated to
Ps-users needs to be greater than a certain threshold such that
the data demand dynamics is guaranteed to converge for any
data plan Pz = (p2, d3,72). In particular, if (4, d) is uniformly
distributed over f = {(#,d)|0 < # < 1,0 < d < 1}, then the
capacity threshold (normalized with respect to the total number
ofusers) corresponds to data demand averaged over all the users
in the market. This implies that the network for the plan P,
needs to be able to accommodate all the users’ data demand.
Moreover, we see from (8) that the capacity threshold K - %
does not explicitly depend on D, . Instead, it is closely related
to dmax. In particular, if dy,.x increases, then a more stringent
requirement is imposed on the WSP’s network capacity in order
to guarantee the convergence of data demand dynamics regard-
less of the initial points or data plans. On the other hand, if the
network capacity is not large enough, then the users may expe-
rience excessive delays (i.e., high congestion costs) and the data
demand dynamics may oscillate without convergence.

Before studying the WSP’s data plan decision, we make two
remarks regarding the users’ subscription decisions.

Remark 5: The dynamics specified by (6) requires that all
the users update subscription decisions at the beginning of each
time period. In practice, if only a fraction ¢ € (0, 1] of the user
update subscription decisions each time, then the sequence be-
comes

Dy =chy (D5 ') + (1 —€)Dy " )
where A (D;fl) is given by (6). The equilibrium analysis is not
affected, whereas the convergence condition in (7) is modified
as MaxXp, ¢[0, Doy J2(D2) < W, which is more easily
satisfied for a smaller € € (0,1]. In other words, the parameter
e € (0, 1] smooths the data demand update process and makes

1991

the dynamics easier to converge by slowing down the conver-
gence rate. Nevertheless, if the network capacity is large enough
to serve all the users’ data demand in practice, then the conver-
gence can always be observed even though all the users update
their subscription decisions. It should also be noted that another
approach to modeling the users’ data demand dynamics is con-
sidering a continuous-time dynamics specified as

dDy
dt

where p is referred to as the diffusion rate [4]. For (10), the equi-
librium is still defined the same as that in Definition 1, while the
convergence is guaranteed. The considered discrete-time data
demand dynamics has been studied in prior works (see, e.g.,
[5] and [9]) and is more appropriate for scenarios in which the
users’ subscription decisions can only change in discrete time
instants (e.g., at the beginning of a day or month). Moreover, €
in (9) is essentially the same as p in (10) and the discrete-time
dynamics considered in this paper will become (10) if the dura-
tion of a time period is sufficiently small.

Remark 6: As in the existing literature [1]-[6], the cost in
updating the subscription decisions (e.g., time spent in calling
the customer service, activation fees and early termination fees)
are not considered in the paper. Here, we briefly discuss the im-
pacts of this cost on the data demand dynamics. For simplicity,
we assume that the cost of activating the data plan and that of
terminating the subscription are the same, and we refer to this
cost as switching cost denoted by ¢,. With a switching cost, the
users’ subscription decisions are affected. Specifically, if user &
is a subscriber in the time period ¢, it will continue the subscrip-
tion in the next time period ¢ + 1 if

= p - [h2(D2) — Do (10)

O — g2 (D) — p2 — y2 [di — d3]7 > —c. (11)

On the other hand, if user % is not a subscriber in the time period
t, it will choose to subscribe to the data plan in the next time
period ¢ + 1 if

Op —go (D3) —p2— 2 ldx —d3)" —c, 2 0. (12)
It should be noted that if the cost is taken into account when the
users make their subscription decisions, there may exist mul-
tiple equilibrium data demand points, and the convergence is
subject to the initial point. For instance, in the extreme case in
which the cost is so high (e.g., greater than 6.« ) that no users
would like to update their subscription decisions, every possible
value of (aggregate) data demand Ds € [0, Dy,.«] is an equilib-
rium point. We shall show in the numerical results the impact
of switching cost ¢; on the users’ subscription decisions, while
rigorous analysis of ¢; is left as our future work.

B. WSP's Data Plan Decision

Over the entire lifespan of the network infrastructure, the
WSP can change its data plans to maximize its revenue, al-
though the change of data plans is sufficiently slow compared to
the users’ subscription decisions. In other words, the duration of
a medium-term period corresponds to that of a sufficiently large
number of short-term periods. We note that given the WSP’s
data plan, the data demand dynamics converges rapidly (e.g.,
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within a few iterations) to the equilibrium point if the conver-
gence condition (7) is satisfied. Thus, the WSP’s average rev-
enue per short-term period (i.e., users’ subscription period) is
approximately equal to its equilibrium revenue when the data
demand reaches the unique equilibrium. Next, we derive the ex-
pression of the WSP’s equilibrium revenue as follows:

Fmax Omax

Ry=ps [z, y)dzdy

¥=0 p=go (D3 ) 4p2tya[y—d3] "

dmax Bmax

+ Yo (y—d3) f(x,y)dvdy

¥=d3 w=go (D} )+pata(y—d;)

(13)

where the first term on the right hand side is the subscription
fee that every subscriber pays and the second term is the ad-
ditional fee that users with demand higher than d3 pay. Al-
though the equilibrium data demand D); is uniquely determined
by the WSP’s data plan Ps = (p2, d3, v2) and hence can be ex-
pressed as an implicit function of Ps, it is rather challenging to
maximize the equilibrium revenue in (13). The difficulties are
mainly: (1) D3 cannot be expressed explicitly in a closed-form
function in terms of Py = (p2, d5, v2); (2) due to the integral,
the equilibrium revenue is not an explicit function of Py =
(pa2,d5,v2). Thus, we resort to numerical methods to find the
optimal P2 = (po,d5,v2) maximizing the equilibrium rev-
enue. Specifically, we search over all the possible values of
(p2,d5,v2) and select the one that yields the maximum equi-
librium revenue. In practice, the data plan is typically confined
within a small finite set of options? and hence, the complexity
associated with the exhaustive search is not prohibitive.

In the following, we propose a heuristic algorithm that pro-
gressively chooses the (locally) optimal data plan in a greedy
manner. For the ease of presenting the algorithm and deriving
more specific results, we consider uniformly distributed (¢, d),
ie, f(8,d) = Loverld = {(6,d)]0 < # < 1,0 <d <
1}, although other forms of f(#, d) can also be applied. Under
the assumption of uniformly distributed of (¢, d) over U =
{{(8.4)|0 < 6 < 1,0 < d < 1}, we rewrite the equilibrium
revenue in (13) as

Ry =po [l — g2 (D3) — p2)

1—d3)? .
22 (1= d3) 1—g2(D3) —2p2 —

L

272 (1 —d3) (14)
3
where py < 1 — g2(D3), d5 < 1 and v2 > 0.1 Note that, even
if we artificially assume that the congestion cost go(D3) is
independent of the data plan, (14) is nonconcave in (ps, d5, v2).
Thus, there exist no efficient algorithms to find the optimal
(p2,d5,v2). In the proposed heuristic algorithm, instead of
jointly optimizing (pa,d5,v2), we optimize ps, dj, and v,
separately. Specifically, by assuming that the equilibrium data
demand D} is independent of ps and treating go(D3), d5 and
v2 as fixed values, we choose the optimal ps to maximize (14).

9In practice, the subscription fee p- is usually selected from 9.99, 19.99,
24.99, 29.99 or a similar set of options.

10Since the maximum demand is dpmax = 1,d5 > 1 and d; = 1 are essen-
tially the same.
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Then, we apply the same technique to optimize d5 and 2, and
the same process repeats until the stopping criterion is satisfied
(e.g., convergence or the maximum number of iterations is
reached). To summarize, the heuristic algorithm is described in
Algorithm I.

Algorithm 1 Find (py, d5, ~2)

Ry =0,d5 <« 00,72 +— 0,and k — 1
while k£ < Maxlterate do
temp «— Rs

- w27+
Optimize pa: p2 «— [1792@2)72”(17‘12) }

g e [1—92<D3>—p2]1
2 0

Optimize d3: P

3[1—g» 3)—p2 *
Optimize ys: yg [%]

Recalculate R based on (14)
if abs(temp — Ry) < threhold then
break
end if
Update D3, g2(D3) and k + +
end while
return (py, d3, v2)

C. WSP’s Capacity Decision

We assume that the WSP’s network capacity is chosen to
guarantee the convergence of data demand dynamics to the
unique equilibrium point regardless of the initial points.!! For
instance, if (#,d), i.e., f(#,d) = 1 is uniformly distributed
overld = {(#,d)]0 <8 <1,0<d < 1} and g2(Ds) = g—;,
then the network capacity allocated to Ps-users should be
greater than é, where ¢ is the fraction of users that update
their subscription decisions in each time period. As can be seen
from (13), given the WSP’s capacity, it is rather difficult to
find explicitly the optimal value of (p2, 5, v2) maximizing the
WSP’s equilibrium revenue. As a result, we can only numeri-
cally find the optimal network capacity to maximize the WSP’s
equilibrium profit in (1).

Finally, we note that if only the unlimited data plan P; =
{p1. 40,0} is offered, the above analysis still applies and the
corresponding result can be easily obtained by letting d5 = oo
and vo = 0.

V. WIRELESS COMMUNICATIONS MARKET: TWO DATA PLANS

In this section, we turn to the analysis of a wireless commu-
nications market where the WSP offers two data plans P; and
‘Ps. Although we mainly focus on the scenario that these two
data plans are offered by the same monopolistic WSP, we shall
also briefly discuss at the end of this section the case in which
they are offered by two competing WSPs.

A. Users’ Subscription Decisions

As in a market with only one data plan P, we study the users’
equilibrium subscription decisions by specifying the equilib-
rium data demand (D7, D3). By Assumption 2, we see that the

UThis requires that the average cost of 7 per unit capacity be sufficiently
small such that the WSP can receive a nonnegative profit.
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equilibrium data demand (D7, D3) satisfies the following equa-
tions:

dmax Fmax

D} =hgy (D}, D}) = yf(z,y)dzdy (15)
y=d m:gl(DI)+p1
D; = hd,? (DT7 D;)

d Omax

-

Y=0 w=go (D3 ) bpatray—d3]”

yf(z,y)dedy (16)

ifp1 + 1 (D7) > p2 + g2(D3), and

dmax Omax

Dy =hay (D}, D3) = yf(x,y)dedy (17)

V0 e (05
D3 =hg2 (D7, D3)=0 (18)

if py + g1(DF) < pa + g2(D3%). In (15) and (16), d is given by
7 * 1 * *
d:d2+v—2[p1—1)2+91 (D7) — 92 (D3)] (19)

which specifies the data demand of marginal users that are “in-
different” between subscribing to the plan P; and the plan P
(see [1] and [6] for a detailed explanation of “indifferent”). Note
that there are two regimes of the equilibrium data demand in the
market with two data plans, and which regime governs the equi-
librium depends on the relative values of the effective full price
(not including the additional cost if the data demand exceeds the
granted data limit), i.e., p1 + ¢1(D7) and ps + g2(D3). Next,
we give the formal definition of the equilibrium point (D7, D3),
which is similar to Definition 1.

Definition 2: When two data plans P; and P, are offered,
(D}, D3) is an equilibrium data demand if it satisfies

he1(Di,D3)=D] and hy2(Di,D3)=D; (20)

where hq 1 (D5, D5) and hy 2(D7, D3) are given in (15)—(18).

When the unlimited data plan P; is available in the market,
there may not exist an equilibrium data demand if the plan Ps
is “capped” (i.e., d5 < dumax and y2 > 0). Suppose, as a coun-
terexample, that g>(D3) = 0 is a constant for Da € [0, Dpax].
Thus, hq,1(D1, D2) in (15) and (17) is independent of D5 and
can be rewritten compactly as sy 1(D1). From (15) and (17),
we see that the integration interval is not continuous, implying
that 24 1(D1) = hq.1(D1) — D1 may not be a continuous func-
tion in D1 € [0, Dpyax]- Specifically, if p; + g1(D1) < pa, then
the integration interval is [0, dimax], i-€., no users subscribes to
the plan P, whereas if p; + g1(D1) > po, the integration in-
terval is [d, dmax]. According to Definition 2, the equilibrium
data demand should satisfy hg1(D7) = ha1 (D7) — DT =
Although it is easy to show that k4 1 (D1) is strictly decreasing
in D1 € [0, Dyyaxgs ha,1(0) > 0 and hg 1 (Dmax) < 0, it is not
guaranteed that i;,d,l (D1) has aroot, since 77,(1;1 (D1) may not be
a continuous function in D; € [0, D a5 In other words, an
equilibrium data demand may not exist. Next, we provide a suf-
ficient condition that establishes the existence and uniqueness of
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an equilibrium point in Proposition 4, whose proof is deferred
to Appendix C.

Proposition 4: For any data plans P; = (p1,+00,0) and
Py = (p2,d5,7v2), there exists a unique equilibrium data de-
mand (D7, D3) satisfying (15)—(18) if

d5=0 and -~ >0. 21
Moreover, the equilibrium data demand (D7, D3) satisfies
D = ha1(D1,07) and D3 = 0 if po + g2(0) 2 p1 + g1(D7).

Proposition 4 indicates that, if the two data plans P; and P,
are unlimited and usage-based, respectively, then the data de-
mand admits a unique equilibrium point. It also shows that, if
the effective subscription cost of the data plan P; evaluated at
D7 is always smaller than or equal to that of the data plan Ps,
then no users subscribe to the data plan P» at the equilibrium
point.

Following Section IV-A, we consider a discrete-time best-
response dynamics to model the users’ subscription decision
process. With two data plans P; = (p1,+20,0) and P> =
(p2, d5, v2) offered in the market, each user has three possible
choices at the beginning of each time period: subscribe to the
plan P, subscribe to the plan P2, and subscribe to neither. The
users expect that the congestion cost incurred when subscribing
to a data plan in the time period ¢ is equal to that in the previous
period ¢ — 1 and make their subscription decisions to myopi-
cally maximize their utility in the time period ¢ [1], [4], [5]. We
assume that, other than the subscription price, there is no cost
involved (e.g., initiation fees, termination fees, device prices)
when users switch between the data plans P; and P» [4]. By
Assumption 2, at period ¢ = 1,2---, user & subscribes to the
data plan 7P if and only if

g1 (D7) +p1<g2 (DY) +patys [di—ds) T
Or— g1 (Df—l) —p1 >0,

(22)
(23)

to the data plan P, if and only if

92 (D5™) + po + vz [de — &1 <q (DI +p1 (24)

O — g2 (DYY) — po — o [de — d3]T >0, (25
and to neither data plan if and only if

0, — g1 (D] ') —p1 <O (26)

O — g2 (D5 1) — p2 — v2 [d — 3" <. (27)

Therefore, given the data plans P; = (p1,+oc,0) and
Py = (p2,d5,¥2), the data demand dynamics is described
by a sequence {(D{,D})}°, in D = {(D1.D,) €
R2|Dy + Da < Dyyax} generated by DY = hy (D}, D5 1)
and D5 = hg, (D7, DE™Y), where hg, (D!, DE71) and
ha,(DI™1, DE7YY are obtained by substituting (D!~ Di™1)
into (15)—(18).

Since an equilibrium point may not exist if the data plan P» is
unlimited or capped, we restrict the analysis in the remainder of
this paper to the case that the plan P- is usage-based (although
an initial subscription fee p» may be charged) such that a unique
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equilibrium point is guaranteed to exist. Next, we provide a suf-
ficient condition for the data demand dynamics {(D?, D})},2
to converge.

Proposition 5: For data plans P; = (p1.+00,0) and Py =
(p2.0,42) where vz > 0, the data demand dynamics converges
to the unique equilibrium point starting from any initial point
(DY, DY) € D ={(D1,D2) € REL|D1 4+ D3 < Dpay} if the
following condition is satisfied:

{91(D1), g3(D2)}

max
(D1,D2)€[0,dmax]?

],2 lrnax dmax !
< |:K'<(n%+(_[9maxpl]++ [emaxp2]+):|
Y2 72
(28)

where d,. is the maximum individual demand, 8,5 is the
maximum benefit derived from subscribing to the WSP’s ser-
vice and K = maxg gyeis f(0,d).
Proof: See Appendix D. O
We can obtain more specific conditions regarding the net-
work capacities for the convergence of data demand dynamics
by plugging g1(D1) = % and g»(Ds) = g—; into (28). The
result is similar to Corollary 1 and omitted for brevity. Note
that (28) imposes a more stringent requirement on the conges-
tion costs (e.g., the WSP needs to allocate larger capacities to
the subscribers) than (7) does. However, (28) provides us with a
similar insight that, if congest costs increase too rapidly, the data
demand dynamics may exhibit oscillation or divergence. An-
other important observation from (28) is that the two data plans
also affect the convergence. Specifically, given higher prices, it
is easier for the congestion costs to satisfy the convergence con-
dition. Intuitively, higher prices result in lower aggregate data
demand. Therefore, there is less fluctuation in the data demand
dynamics and the requirement on the congestion costs becomes
less stringent.

B. WSP's Data Plan Decision

Following Section IV-B, we first write the the WSP’s equi-
librium revenues for the data plans P; and Ps as

Dmax Bmax

Ry p1f(,y)dzdy

y=d w=q,(D} )+

d
R= [

y=0 3—g, (D3 )+P2 +y2y

(29)

Oimax

(p2 + v2u) f(z,y)dzdy  (30)

ifp1 + g1(D7) > p2 + g2(D3), and as

dmax fmax

Ry = pi1f(v,y)dzdy and Ry =0 (31)

v=0 a=g, (D} )41

if p1 + g1(D?) < po + g2(D3), where d is given by d =
% [p1 — p2+91(D7]) — g2(D3%)]. The expressions of equilibrium
revenues in (29)—(31) are even more complicated than (13) and

hence, lose analytical tractability. As a consequence, we resort
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to numerical search to identify the optimal P; = (p1, +00,0)
and P> = (p2, 0,7y2) maximizing Ry + Ra.

C. WSP’s Capacity Decision

It is mathematically challenging to analytically find the op-
timal capacities C = (C, Cs) to maximize the WSP’s profit,
since the optimal data plans can only be numerically found.
Thus, as in Section IV-C, we find the WSP’s optimal capaci-
ties through exhaustive search.

In the above analysis, we have considered that the two data
plans P; and P3 are offered by the same WSP. Nevertheless,
in a wireless communications market, it is possible that these
two plans are offered by two different WSPs competing against
each other (i.e., duopoly market). The order of moves is almost
the same as that described at the beginning of Section IV, with
the exception that in the long-term and medium-term periods,
each of the two WSPs decide their own network capacities and
data plans, respectively. Specifically, for the long-term capacity
decision, the two WSPs simultaneously and independently in-
vest in the network capacities. Then, given the capacity deci-
sions, the two WSPs play a noncooperative subgame in which
they strategically make data plan decisions. Best-response dy-
namics can be applied to model the two WSPs’ data plan deci-
sion process. That is, given its competitor’s data plan, each WSP
chooses an optimal data plan to selfishly maximize its revenue.
In the short-term period, the users’ subscription dynamics is un-
affected and the same as that studied in Section V-A. Unfortu-
nately, it is mathematically intractable to analyze the competi-
tion between the two WSPs, as explicitly expressing the optimal
decisions of the two WSPs in response to each other’s decision
is not possible. With a simpler model, some (partial) analytical
results regarding the competition between the WSPs are avail-
able in [1] and [8], whereas in this paper, we shall illustrate the
WSP competition through numerical results.

VI. NUMERICAL RESULTS

In the numerical results, we assume that the congestion costs
are given by ¢g1(D;) = ?i and g2(Ds) = ?;’ , which cap-
ture the congestion externalities effects in time-sharing com-
munications networks [6], [8]. For the ease of presentation, we
consider uniformly distributed (¢, d), i.e., f(#,d) = 1 inl =
{(#,d)|0 < 6 < 1,0 < d < 1}. Note that our analysis also ap-
plies to other settings, provided that Assumptions 1-3 specified
in Section III are satisfied.

A. Single Data Plan

First, we illustrate in Fig. 1 the oscillation and convergence
of the data demand dynamics. The lower plot in Fig. 1 shows
that the equilibrium data demand D3 decreases when the fixed
subscription fee ps increases. Fig. 1 verifies that, even for the
same data plan, different congestion cost functions may result in
different convergence behaviors of the data demand dynamics.
We plot the continuous-time data demand dynamics specified by
(10) in Fig. 2. It can be seen that the continuous-time and dis-
crete-time data demand dynamics converges to the same equi-
librium point. The impacts of switching costs on the data de-
mand dynamics are shown in Fig. 3, in which the upper plot indi-
cates that switching costs may make the data demand dynamics
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converge even though the network capacity is not large enough.
We explain this point by noting that, with switching costs, fewer
users will not change their subscription decisions and hence the
data demand dynamics converges under milder conditions. It
can also be seen from the lower plot in Fig. 3 that there may
exist multiple equilibrium data demand points and the equilib-
rium, to which the data demand dynamics converges, depends
on the initial point. Next, we show in Fig. 4 that the proposed
heuristic Algorithm I can yield a revenue close to the optimum,
especially when the network capacity is large. Thus, Algorithm
I may be used to find a suboptimal data plan if finding the op-
timal one is prohibitive. We also plot the optimal data plans!2
P2 = {p2,ds, 2} in Fig. 5 under different network capacities.
In Fig. 6, we show the WSP’s profit versus its deployed network
capacity under different capacity costs. It indicates that if the
average capacity cost is smaller (e.g., the network’s lifespan is

12The optimal data plans are obtained by exhaustive search over all the pos-
sible data plans.
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Fig. 4. Single data plan: comparison between the optimal revenue and that
yielded by Algorithm I. e = 0.5.

long and/or the deployment cost is small), then the WSP needs
to enlarge its investment in the network capacity. With a larger
network capacity, the congestion effects will be reduced and the
WSP can attract more users (hence, more revenue) to subscribe
to its service.

B. Two Data Plans

Convergence and oscillation of the data demand dynamics in
a wireless market with two data plans are illustrated in Fig. 7.
As intuitively expected and reflected in Proposition 5, a more
stringent requirement on the congestion costs (i.e., the network
capacities) is imposed to guarantee the convergence of the data
demand dynamics with two data plans, compared to a market
with only one data plan. Thus, even though a certain network ca-
pacity may guarantee the convergence of data demand dynamics
with one data plan, it does not necessarily guarantee the conver-
gence with two data plans. Next, we show in Fig. 8 the profits
under various network capacities. To maximize the profit, the
WSP needs to increase the network capacity for its capped data
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with the current trend that some WSPs have discontinued unlim-
02 ' T T ited data plans [20]. Finally, we show the competition between
o5l === Dj | two WSPs in Fig. 9. It can be seen that if the two WSPs choose
- —A— . . . .
5 D2 their optimal data plans independently in response to the com-
& S petitor’s data plan, then the competition will quickly lead to an
" ool 3 equilibrium. This means that, given the long-term capacity in-
vestment, the WSPs only adjust their data plans a few times be-
% 5 10 15 2  fore reaching an equilibrium.!3 Fig. 9 also shows that if the ca-
Time Period Index pacity investment by the WSP offering the unlimited data plan
02 ' T T decreases, the corresponding revenue will be reduced, whereas
5:48 | Db its competitor’s revenue will significantly increase. This is be-
5 — D cause with a decreased capacity for the unlimited data plan,
& o ] the resulting congestion cost will increase significantly (due to
~ oosk 3 heavy users) and thus, many users will switch to the usage-based
data plan. Note that the two WSPs also need to compete against
% 5 10 15 20  each other by strategically choosing their long-term network ca-

Time Period Index

Fig. 7. Two data plans: oscillation and convergence of data demand dynamics.
e=05,p1 =035,p: = 033,79, =03.C, =5 = % in upper plot and
'y = C; = 2.0 in lower plot.

plan while reducing the network capacity for its unlimited data
plan. This can be explained as follows: when an unlimited data
plan is offered, subscribers with high data demand will cause
excessive congestion costs for the other subscribers, reducing
the profitability of the unlimited data plan. This also coincides

pacities. The result is similar to Fig. 9 and hence, is omitted here
for brevity.

VII. CONCLUSION

In this paper, we considered a wireless communications
market where one monopolistic WSP serves a large number
of users. The users’ data demand dynamics, the WSP’s data

13Similar results are also observed for other simulation settings, although in
some (rare) cases the data plan competition between the two WSPs does not
converge.
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plan decision and network capacity decision were studied. In
our analysis, the user heterogeneity in terms of their benefits
and data demand, as well as the network congestion costs,
were explicitly taken into consideration. For the data demand
dynamics, we showed that: (1) the existence of an equilibrium
data demand is independent of the congestion cost, although
for certain data plans, there may not exist any equilibrium
data demand if two data plans are both offered in the market;
(2) in order to guarantee the convergence of data demand
dynamics, the congestion costs should not increase too rapidly
when the aggregate data demand increases, implying that the
WSP needs to deploy a large network capacity to support the
users’ demand. We also proposed a heuristic algorithm that can
achieve a close-to-optimal equilibrium revenue if only one data
plan is offered by the WSP. For general cases, the WSP’s data
plan decision and network capacity decision were formalized
and solved numerically to maximize the WSP’s profit. Finally,
we conducted extensive simulations to verify our analysis.
Numerical results indicate that to maximize the profit, the WSP
should increase the network capacity for its capped data plan
while decreasing the network capacity for its unlimited data
plan.

APPENDIX A
PROOF OF PROPOSITION 1

_ To facilitate the proof, we first define an auxiliary function
hQ(Dg) = ho (Dg) — Dy forD € [() OC), where hg(') is defined
in (6). By Definition 1, D3 is an equilibrium point if and only
if it is a root of /2(-). Hence, it suffices to show that sis(-) has a
unique root on its domain.

Let Dyax = Dao > Do > 0 be two arbitrarily-chosen real

numbers. Then, it follows that

(D2 2) — ha
= ha(Ds, a) — [ha(D2y) —

g>(D2,a)+P>+” o[y—d3]t

Doyl
dmdx

= yf(x, y)dedy

0 p= g2(D25)+p2+v2 [1/ dx]

Y
— (D24 — Day). (32)

1997

Since g¢2(-) is nondecreasing in [0, D], we have
«1t+

g92(D24) 4+ p2 +  y2ly—di] is greater than or

equal to g2(D2s) + P2 + 'yg['y—d§]+ and hence,

max [92(D2,0)+p2+ve[y—ds]T .
[y 0 fT g2 (D2 ) +p2+r2[y—dj] +yf(@,y)dedy s

ative. Thus, it can be seen that hg(DQ’a) — ;LQ(D;)J,) <
—(D2q — Day) < 0 forany Dyax > Doy > Doy > 0.
That is, the auxiliary function iLg(') is strictly decreasing in
[0, Dimax]-

On the one hand, ha(0) = he(0) — 0 > 0, and on the other
hand, h2(Dmax) = ha(Dmax) — Dmax < 0 Since ha(-) is
continuous on [0, Dy, we see that hs(-) has a unique root
D3 € [0, Dimax], by applying the intermediate value theorem.
This proves Proposition 1. ]

APPENDIX B
PROOF OF PROPOSITION 3

nonneg-

We prove the convergence of the data demand dynamics
based on contraction mapping theorem, which is formally
stated as follows [26].

Definition 3 [26]: A mapping T : & — A&, where & is
a closed subset of R™, is called a contraction if there is a real

number % € [0,1) such that
[T(z1) — T(x2)|| < k- ||21 — 22]], Vri,m€ X (33)
where || - || is some norm defined on X

In [26, Proposition 1.1, Ch. 3] shows an important property
of a contraction mapping T that the update sequence generated
by 2+t = T(z?),+ = 1,2,..., converges to a (unique) fixed
point 2* satisfying T{x*) = z* starting from any initial value

O ¢ X.To prove Proposition 3, we shall show that the function
ha(+), defined in (6), is a contraction mapping on [0, Dy, with
respect to the absolute value norm if (7) is satisfied.

Let D2, and D3 be two arbitrarily chosen real numbers
such that Dy,.x > Do > Doy > 0. Then, it can be shown
that

|ha(D2 o) — ha(Day)|
g2(D2 o)A +yaly—di]t
flz,y)dz 3 dy.

w=g2(Da2.p)+p2-ty2[y—d3] "

dinax

= y (34)

y=0

Denote F'(f|y) = f

T=—0

following inequalities:

f(x,y)dx. Thus, we can obtain the

92(D2 o) +p2+y2[y—d;] T

flx.y)dx (39%)

w=g2(Da p)+patya[y—ds] "
=F (92(D2,a) +po+ ey — 3]t Iy)

d (92([)2 ) Fp2tyely —di)T |Z/) (36)
= f(D2,9) - 95(D2) - (D2.o — Day) (37)
<K -g5(Doy) - (Doo — Dap) (38)
<K | H(Do)| - (Daw— D
<K |, gy, 0] (re Do) @
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where (37) follows from the intermediate value theorem and
chain rule, D5 -, is a certain value in [Da, D2 ], and K =
max(g,qyeu f(f, d). Then, by plugging the inequality (39) into
(34), we have

|ho(Ds o) — ho(Day)|
dmax

< / yK[ gg(Dz)] (Ds.. — Day)dy

max
D5 €[0,D11ax]

y=0

2 D) 1D~ Drl. 40

= — a. ( . a = - .

9 D, EI[%:B("W] g2 2, 2,b

Therefore, if (7) is satisfied, then & =
dl
—5 K[maxp, e[0,0,..] 92(D2)] € [0,1)  and

\ho(D24) — ha(Dayp)| < K|Daa — Daypl, for any
Dyoax > Day > Dyyp > 0. In other words, ho(-) is a
contraction mapping on [0, D,,x] with respect to the absolute
value norm. Thus, by applying [26, Proposition 1.1, Ch. 3], we
see that the data demand dynamics converges if (7) is satisfied.
Proposition 3 is therefore proved. [ |

APPENDIX C
PROOF OF PROPOSITION 4

To facilitate the proof, we first define two auxiliary func-
tions hdﬁl(Dl, DQ) = hd,l(Dla DQ) — Dy and th(Dl, DQ) =
h,d’Q(DI’DQ) — Ds for (Dl,DQ) € D, where hd,l(Dl,D2>
and hg2(Dq, D) are defined in (15)—(18). By Definition 2,
(D3, D3) is an equilibrium point if and only if

ha1(D;,D3) =0 and hys (D}, D3) =0. (41)

Hence, it suffices to show that the equation set in (41) has a
unique solution on its domain D.

Let us first assume that Dy € [0, Dy,ax] is a fixed number.
Following Appendix A, we can show that, ify2 > 0 andd5 = 0,
hd,l(Dl, Dy) is a strictly decreasing and continuous function
of Dy € [0, Dmax — D). Moreover, for any fixed value of
D,y € [0, Dinaz], we have hy1(Dmax — D2, D2) < 0 and
hq 1(0, Dy) > 0. Therefore, by applying the intermediate value
theorem, it follows that iLdvl (Dmax — D2, D2) has a unique root
D7 given any fixed value of Ds. Thus, D} can be expressed as
a function in terms of D>, and ﬁdJ(DT, Ds) and ﬁd,g(Df, Ds)
can be rewritten in a compact form as ]NLdvl(Dg) and ;Ld,g(DQ),
respectively. It can also be easily proved that D7 is a decreasing
function of Dy in Dy € [0, Dy,.x]. Next, we need to show that
iLdTQ (D3) has a unique root in Dy € [0, Dyyax| in order to prove
Proposition 4.

Lemma 1: hy(Da) = hyo2(Dj,D2) + Dj is decreasing in
D,

Proof: Note that hg (D7, D2) + D5 is the sum data de-
mand of WSP W operating at its equilibrium data demand point
and W5 at the next period, when WSP W, currently has a data
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demand of Ds. Thus, hg 2(D7F, D2) + D can be expressed as
follows:

hao (DY(Ds2). D) + Di(D7)
d g2(D2)+p2+v2y

= Dyas — / Z,lf(”['7 ’y)dT(ly
=0

y=0
dmax 91 (D7) 401

- yf (@, y)dudy (42)

y:;], =0

where d = %[pl — po + g1(D}) — g2(D3)] T, the second term
and third term on the right-hand side of the equality represent
the aggregate data demand of those users that do not subscribe to
either WSP. Since D7 (D-) is increasing in Dy € [0, D y,.x] and
g1(Dy) is increasing in Dy in its domain, we see that g1 (D7) =
g1(D7(D3)) is also increasing in Dy € [0, Dyyax]. Therefore,
(42) is decreasing in Dy € [0, Dyyax]. This can also be in-
tuitively expected. When the data demand of both WSPs in-
creases, the congestion costs increase and hence fewer users will
subscribe to the WSPs, which will in turn result in a decrease in
the total data demand of these two WSPs. O

Recall that D3 (D5) is increasing in Do € [0, Dyax]. Thus,
following Lemma 1, it can be seen that hq 2 (D5 (D2), D2) =
h{(Ds) — Di(D3) is a nonincreasing function of D, and
ha2(D5, D) = hg2(Ds) is a strictly decreasing function of
D5 in [0, Dyyax]. On the one hand, ~q2(Diax) — Dimax < 0
and, on the other hand, ~42(0) — 0 > 0. ‘Thus, due to its
continuity and strictly decreasing property, hq2(D7, D2) =
ha2(D}(D3), D2) — D3 has a unique root in Dy € [0, Dyax].
This proves Proposition 4. [ |

APPENDIX D
PROOF OF PROPOSITION 5

First, define the mapping that specifies the data demand dy-

namics by hy

hy(D1, D2) = (hq1(D1, Ds), hao(D1, D2)) (43)
where 41 and hq o are defined in (15)—(18). In order to estab-
lish the global convergence of the data demand dynamics, we
shall show that the mapping h,(-) is a contraction on D with
respect to a certain norm [26]. Unlike in a market with only one
data plan offered, the mapping hy is no longer a scalar function
and hence the absolute value norm is not applicable. Instead, we
apply L; norm and show that h4(-) is a contraction with respect
to L1 norm if (28) is satisfied.

Let D, = (DL(,’, Dg,,,,) € Dand Dy, = (Dl,ba Dg,b) eD
tle two arbitrarily-chosen points such that da, > ng > 0, where
d, = %[}71 —p2+ g1(D1,4) — 92(D2.0)] 1 and dyy = %[Pl -
po + gll(DLb) — g2(D24)]T. By the definition of L; norm, we
have

Ihg(Dy4,D20) —ha(Dyy, Day)ll,
= |ha1(Dr,a, D2,a) — a1 (Dip, Do)

+ |ha2(D1,a:D2a) — ha2(Dig, Dap)| . (44)
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Note that the term |hg 1(D1 4, D2.o) — ha1(D1 s, Do p)| can
be expanded and rewritten as

|ha1(D1,4:D2.4) — ha1(D1s, Day)l
[ —

(45)
Bruan
= yf(w,y)dudy

;fi“ r=g1 (Dl a) D1

dq Omax

-/

y=dy, =91 (D15)+p1

yf(z,y)dxdy

dinax B
- / yf(z,y)dzdy
y:‘f?a w=g1(Dy,s)+p1
dmax 91 (D1,0)+p1

= / / yf(x,y)drdy

y=d, v=91(D1,.)+p1

(46)

da Binax

y=dy =91 (D1,3)+p1

yf(z,y)dedy|. (47)

Denote K = max(g qyei f(0,d). Next, we show that the
following inequalities can be established:

dimax 91 (Dl,f:)+P1
yf(z, y)drdy

=d, t=91(D1,0)+p1

d, Binax
- / yf (@, y)dzdy (48)
y;(Nlb 1291(51,1,)+m
d2 .. — min {d?m‘x, CE}
<K gi(D1a) — g1(D1p)] 5
v o — &
+ K- [Hmax - (pl + gl(Dl,b))] T (49)
d2
< K-gi(Dyc)|Dyg— Dyl 22
dy + dy)(dy — d.
I ")2( J. (50)
/ (]’12nax
S K- 91<D1,c) . |D1,a - Dl,b : T
+ K- [gmax - p1]+ : dmax : [(Za - (]l;]+ (51)
d2
<K -g1(D1e)-|Dya— Dyl - H;X
dnlax
+ K [fmax — ;] T T l91(D1.a) — 91(D1p)]
dmax
-K- [Hmax - p1]+ : Yo |.(]2(D2:a) - gZ(DZ,b)| (52)

where D1 . is a number between D; , and D 3, (50) follows
(49) based on the intermediate value theorem, and (52) is due
to the fact that [[z1]T — [22]7]" < [#1 — @]". Thus, by
combining (45)—(52), we see that (45) is less than or equal to

1999

(52). Similarly, |hq¢ 2(D1.a, Do) — ha2(D1 s, D2s)| can also
be upper bounded by

dlzllax
Kgy(D2.e)| D2, — Dapl- 5
(lrllax
+ K[fmax — p2) - = [91(D1a) — 91(D1p)|

Y2

dma‘x
— KO — 2]t o l92(D2.0) — g2(Dayp)] -

(53)

Thus, we can derive
lha(Dya.D2y) —hg(Dyy. Day)l,

d2 ax dmax dnlax
SK(&vL g ]+ [Hmax—sz)
2 Y2 Y2

'f]ll(-Dl,c) : |D1,a, - Dl,b
d2 & druax dIIlaX
‘I’K(ﬂ“‘ - [emax _p1]++ [emax _P2]+>
2 Y2 V2
'flé(DQ,c') : \Dz,a - D2,b|-

(54)

Therefore, if (28) is satisfied, the mapping h(-) is a contraction
on D with respect to L; norm with a modulus xg € [0,1),
where /g = WaxX(p, p,)e0.d,.. 12 191(D1) g2(D2)} -
K. d;n% + %[amax - P1]+ + d]:,ax [amax - p2]+) 5
the data demand dynamics speciﬁea by (15)—(18) converges,
regardless of the initial points, to the unique equilibrium point.
This proves Proposition 5. [ |

and
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