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ABSTRACT

In this report, we consider the problem of real-time transmission scheduling over time-varying channels. We
first formulate the transmission scheduling problem as a Markov decision process (MDP) and systematically
unravel the structural properties (e.g. concavity in the state-value function and monotonicity in the optimal
scheduling policy) exhibited by the optimal solutions. We then propose an online learning algorithm which
preserves these structural properties and achieves ¢ -optimal solutions for an arbitrarily small e . The advantages
of the proposed online method are that: (i) it does not require a priori knowledge of the traffic arrival and channel
statistics and (ii) it adaptively approximates the state-value functions using piece-wise linear functions and has
low storage and computation complexity. We also extend the proposed low-complexity online learning solution
to the prioritized data transmission. The simulation results demonstrate that the proposed method achieves
significantly better utility (or delay)-energy trade-offs when comparing to existing state-of-art online optimization

methods.

Keywords: Energy-efficient data transmission, Delay-sensitive communications, Markov decision processes,

stochastic control, scheduling

I. INTRODUCTION

Wireless systems often operate in dynamic environments where they experience time-varying channel conditions
(e.g. fading channel) and dynamic traffic arrivals. To improve the energy efficiency of such systems while
meeting the delay requirements of the supported applications, the scheduling decisions (i.e. determining how
much data should be transmitted at each time) should be adapted to the time-varying environment [1][9]. In other

words, it is essential to design scheduling policies which consider the time-varying characteristics of the channels
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as well as that of the applications (e.g. backlog in the transmission buffer, priorities of traffic, etc.). In this report,
we use optimal stochastic control to determine the transmission scheduling policy that maximizes the application

utility given energy constraints.

The problem of energy-efficient scheduling for transmission over wireless channels has been intensively
investigated in [1]-[15]. In [1], the trade-off between the average delay and the average energy consumption for a
fading channel is characterized. The optimal energy consumption in the asymptotic large delay region (which
corresponds to the case where the optimal energy consumption is close to the optimal energy consumption under
queue stability constraints, as shown in Figure 1) is analyzed. In [8], joint source-channel coding is considered to
improve the delay-energy trade-off. The structural properties of the solutions which achieve the optimal energy-
delay trade-off are provided in [5][6][7]. It is proven that the optimal amount of data to be transmission increases
as the backlog (i.e. buffer occupancy) increases, and decreases as the channel conditions degrade. It is also
proven that the optimal state-value function (representing the optimal long-term utility starting from one state) is
concave in terms of the instantaneous backlog.

Energy-efficient scheduling for traffic with individual delay deadlines is considered in [2][3][4]. In [2], the
optimal scheduling policy is obtained using dynamic programming. In [3][4], optimality conditions are
characterized for the optimal scheduling policies, and based on these, online heuristic scheduling policies are
developed. Besides considering the time-varying channel conditions, the heterogeneous traffic features (e.g.
different delay deadlines, importance and dependencies of packets) are considered in [14][15], where the optimal
scheduling policies are developed by explicitly considering the impact of the heterogeneous data traffic.

We notice that the above solutions are characterized by assuming that the statistical knowledge of the
underlying dynamics (e.g. channel state distribution, packet arrival distribution, etc.) is known. When the
knowledge is unavailable, only heuristic solutions are provided, which cannot guarantee the optimal
performance. In order to cope with the unknown environment, the stability-constrained optimization methods are
developed in [10]-[13], where, instead of minimizing the queue delay, the queue stability is considered. The

optimal energy consumption is achieved only for asymptotically large queue sizes (corresponding to asymptotic
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large delays, i.e. in large delay region). These methods do not provide optimal energy consumption in the small

delay region which is shown in Figure 1.
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Figure 1. Illustration of large delay region and small delay region

Other methods for coping with transmission in unknown environment rely on online learning algorithms
developed based on reinforcement learning for Markov decision processes in which the state-value function is
learned online, at transmission time [16][17]. It has been proven that the online learning algorithms converge to
optimal solutions when all the possible states are visited infinitely often. However, these methods have to learn
the state-value function for each possible state and hence, they require large memory to store the state-value
function (i.e. exhibit large memory overhead) and they take a long time to learn (i.e. exhibit a slow converge
rate), especially when the state space is large, as in the considered wireless transmission problem.

In this report, we consider a model similar to that of [1] with a single transmitter and a single receiver on a
point-to-point wireless link where the system is time-slotted and the underlying channel state can be modelled as
a finite-state Markov chain [20]. We first formulate the energy-efficient transmission scheduling problem as a
constrained MDP problem. We then present the structural properties associated with the optimal solutions.

Specifically, we show that the optimal state-value function is concave in terms of the backlog. Different from the
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proofs given in [6][7], we introduce a post-decision state (which is a “middle” state, in which the transmitter
finds itself after a packet transmission but before the new packets’ arrivals and new channel realization) and post-
decision state-value function which provide an easier way to derive the structural results and build connections
between the Markov decision process formulation and the queue stability-constrained optimization formulation.
In this report, we show that the stability-constrained optimization formulation is a special case in which the post-
decision state-value function has a fixed form computed only based on the backlog and without considering the
impacts of time-correlation of channel states.

In order to cope with the unknown time-varying environment, we develop a low-complexity online learning
algorithm. Similar to the reinforcement learning algorithm [23], we update the state-value function online, when
transmitting the data. However, different from the previous online learning algorithms [16][17], we approximate
the state-value function using piece-wise linear functions, which allow us to represent the state-value function in
a compact way, while preserving the concavity of the state-value functions. Instead of learning the state-value for
each possible state, we only need to update the state-value in a limited number of states when using piece-wise
linear approximation, which can significantly accelerate the convergence rate. We further prove that this online
learning algorithm can converge to the e -optimal' solutions, where ¢ is controlled by a user defined
approximation error tolerance. Our proposed method provides a systematic methodology for trading-off the
complexity of the optimal controller and the achievable performance. As mentioned before, the stability-
constrained optimization only uses the fixed post-decision state-value function (only considering the impacts of
backlog), which can achieve the optimal energy consumption in the asymptotic large delay region, but often
exhibits poor performance in the small delay region as shown in Section VI. However, our proposed method is
able to achieve ¢ -optimal performance in both regions.

In order to consider the heterogeneity of the data, we further extend the proposed online learning algorithm to

a more complicated scenario, where the data are prioritized and buffered into multiple priority queues. In general,

le -optimal solutions mean that the solutions is within the € -neighbourhood of the optimal solutions.
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the post-decision state-value function is multi-dimensional and needs to be learned online, which often requires
high storage and computation complexity [26][27]. In contrast, using the priority queues, we are able to
decompose the multi-dimensional post-decision state-value function into multiple single-dimensional concave
post-decision state-value functions which enable us to learn them online, using our proposed structure-aware
learning algorithm, which has low complexity and fast convergence rate.

The difference between our proposed method and the representative methods presented in the literature is
summarized in Table 1.

Table 1. Comparison between our proposed methods and other representative online optimization methods

Statistical . Storage
Performance .
knowledge E;El;srr;% Convergence | complexity | Computation
of unkn(?wn properties Large.delay Small .delay rate complexity
dynamics region region
Stability-
Corjnst.raln.e d No No AsympFotlcally Suboptimal | No learning Low Low
optimization optimal
[10][11][12][13]
. Convergence to optimal
Q-learning [17] No No solutions Slow Large Low
Q-learning [16] No Yes Convergence? to optimal Slow Large Low
solutions
Online learning
with aciiaptlive No Yes Convergence Fo € -optimal Fast Low Low
approximation solutions
(proposed)

The report is organized as follows. Section II formulates the transmission scheduling problem as a constrained

MDP problem and presents the methods to solve it when the underlying dynamics are known. Section III
introduces the concepts of post-decision state and post-decision state-value function for the considered problem.
Section IV presented an approximate online learning for solving the MDP problem by exploring the structural
properties of the solutions. Section V extends the online learning algorithms to the scenarios where the incoming
traffic is heterogeneous (i.e. has different priorities). Section VI presents the simulation results, which is followed

by the conclusions in Section VIIL.

II. FORMULATING TRANSMISSION SCHEDULING AS CONSTRAINED MDP



UCLA Technical Report 03/11/2010

In this report, we consider a transmission scheduling problem in which one single user (a transmitter—receiver
pair) transmits data from one finite transmission buffer (the data from multiple buffers are discussed in Section
V) over a time-varying channel as shown in Figure 2. We assume a time-slotted transmission. The backlog at the
transmitter side at time ¢ € Z . is denoted by z, € [0,B], where B is the capacity of the buffer. At time ¢, the
user transmits the amount of y, € [0,z;] data. The traffic arrival takes place at the end of each time slot. The
traffic arrival at time ¢ is denoted by a, € R . For simplicity’, we assume that the traffic arrival q; is an i.i.d.
random variable, which is independent of the channel conditions and buffer sizes [1]. We further assume that the
channel conditions are constant within one time slot but that they vary across time slots. The channel state at time
t is denoted by h; € % , where 7/ is the finite set of possible channel conditions. The channel state transition
across the time slots is modelled as a finite state Markov chain [20] and the transition probability is denoted by

oy, (M1 | By ), which is independent of the buffer size and the traffic arrival.

Pa_cket% Y¥: Amount of packets

arrival a; .
to transmit

Backlog x,
Transmitter Fading channel —— Receiver
T [ !
Channel state p,
Figure 2. Transmission scheduling model for a single user

At each time ¢, the buffer dynamics are captured by the following expression:
Ty = min(z —y; + @, B) (D
When the amount of y, data is transmitted, the received immediate utility by the user at time ¢ is u(z;,y;) > 0
and the incurred transmission cost is ¢ (k;,y; ) > 0. The immediate utility can be the negative value of the backlog
when minimizing the delay as considered in the simulation in Section VI. The transmission cost can be the
consumed energy. In this report, we assume that the utility function and the transmission cost function are known
a-priori and satisfy the following conditions.

Assumption I: u(z,y) is supermodular and jointly concave in (z,y);

% The method proposed in this reportreport can be easily extended to the case in which the packet arrival is Markovian by defining an extra arrival state [8].
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Assumption 2: c(h,y) is increasing and convex in y for any given h € 7 .

The supermodularity is defined as follows.

Definition: A function f: X xY — R is a supermodular in the pair of (z,y), if for all ¢’ > y,2' > z,

="y )= f(z'y) = f(zy') = fzy). 2)

We note that the assumption of supermodularity and joint concavity on the utility functions is reasonable and
has been widely used in the past work [16]. The main reason for introducing the supermodular concept is to
establish the monotonic structure of the optimal scheduling policy. That is, the optimal scheduling policy 7 cz>
given by

m(x> = argmax f (z,y) €))
yey

is non-decreasing in x . The property is established by Topkis [22]. By assuming that the utility function u(z,y)
is supermodular, we will prove that the optimal scheduling policy for the considered problem will also satisfy the
monotonic structure.

The increasing assumption on the transmission cost ¢(h,y) represents the fact that transmitting more data
results in higher transmission cost at the given channel condition h. We introduce the convexity on the
transmission cost in order to capture the self-congestion effect [6] of the data transmission.

The objective for the user is to maximize the long-term utility under the constraint on the long-term

transmission cost:

y{g%?\gtE Z;a"’u(a}t,y,g)] @
st. F Zatc(ht,yt) <c
t=0

where « is the discount factor in the range of [0,1) and ¢ is the budget on the transmission cost. In this
formulation, the long-term utility (transmission cost) is defined as the discounted sum of utility (transmission
cost). When a — 1, the optimal solution to the optimization in (4) is equivalent to the optimal solution to the

problem maximizing the average utility under the average transmission cost constraint as considered in [1].
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The optimization in (4) can be formulated as a constrained Markov decision process. We define the state at
time ¢ as s; = (x,hy ) € [0,B]x 7 and the action at time ¢ is y; . Then, the scheduling control is a Markovian
system with the state transition probability:

p(si1 | s) = pla)p(hyyy | By )6(2 1 — min(z, —y, + a;,B)) Q)
where 62> is a Kronecker delta function, i.e. §<z> =1 if 2 = 0 and §cz> = 0 otherwise.

For this constrained MDP problem, we define the scheduling policy as a function mapping the current state s,
to the current action y, and denote it by 7> . The set of possible policies is denoted by & . The long-term utility

and transmission cost associated with the policy = are denoted by U™ (s,) and C™ (s, ) , and can be computed as:

UW(SU)—E[Zatu(xtaw(St))|SU ) (6)
t=0
and
CW(SU)—Elzatc(htaﬂ'(st))|50 . N
t=0

Any policy =" that maximizes the long-term utility under the transmission cost constraint is referred to as the
optimal policy. The optimal utility associated with the optimal policy is denoted by U= (s, ), where the subscript
indicates that the optimal utility depends on ¢. By introducing the Lagrangian multiplier associated with the
transmission cost, we are able to transform the constrained MDP into an unconstrained MDP problem. From [18],
we know that solving the constrained MDP problem is equivalent to solving the unconstrained MDP and its
Lagrangian dual problem. We present this result in Theorem 1 without proof. The detailed proof can be founded
in Chapter 6 of [18].

Theorem 1: The optimal utility of the constrained MDP problem can be computed by

* — : ™A = : ™A -
Uz (89) Iileaq))(rggl{] (89) + Ac Ig{]u}rlggJ (89) + Ac, (8)
where
T (50) = E| Y o' (u(z,m(s)) = Ae(hy,m(5))) | 05 )]
t=0
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and a policy =" is optimal for the constrained MDP if and only if

Us(sy) = Azigﬂ*sA(sOHAz. (10)

We note that the maximization in the rightmost expression in Eq. (8) can be performed as an unconstrained
MDP given the Lagrangian multiplier. Solving the unconstrained MDP is equivalent to solving the Bellman’s

equations which is presented in the following:

J s = max u(z,ms>) — Ae(h,m8)) +O‘Z p(s’ | s,ﬂ(s))J*”\(s’) ,Vs (11)
med

s'eS
We will discuss how to solve the Bellman’s equation in Eq. (11). We denote the optimal scheduling policy
associated with the Lagrangian multiplier A\ as 7. The long-term transmission cost associated with the

scheduling policy 7" is given by

oo

™" (s9) = B ale(h, 7™ (s)) | 50 (12)

=0
It was proved in [18] that the long-term transmission cost o (sg) is a piece-wise linear non-increasing
convex function of the Lagrangian multiplier A . Then, a simple algorithm to find the optimal Lagragian

multiplier A\* can be found through the following update:

A1 = max(xn + v, (c (50) — z),o) (13)

where v, = —. The convergence to the optimal A" is ensured due to the fact that C™ ’ (sp) 1s a piece-wise
n

convex function of Lagrangian multiplier ).

III. POST-DECISION STATE BASED DYNAMIC PROGRAMMING
In this section and subsequent sections, we will discuss how to solve the Bellman’s equations in Eq. (11) by
exploring the structural properties of the optimal solution for our considered problem. From Eq. (11), we note
that the expectation (over the data arrival and channel transition) is embedded into the term to be maximized.
However, in a real system, the distribution of the data arrival and channel transition is often unavailable a priori,
which makes it computationally impossible to compute the expectation exactly. It is possible to approximate the

9
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expectation using sampling, but this significantly complicates the maximization. Similar to [23][28], we
introduce an intermediate state which represents the state after scheduling the data but before the new data

arrives and new channel state is realized. This intermediate state is referred to as the post-decision state

§= (fﬁ). In order to differentiate the “post-decision” state §; from the state s;, we refer to the state s; as the

“normal” state. The post-decision state at time slot ¢ is also illustrated in Figure 3. From this figure, we know

that the post-decision state is a deterministic function of the normal state s; and the decision y; which is given by:

I =z =Y, h=nh (14)
State Post-decision state State
(x4, Iy) (T — e, ) (Tys1,Pet1)
Decision 1, % New data arrival g o

New channel realization f;
Figure 3. Illustration of post-decision state
By defining the value function VA (z,h) for the post-decision state § = (z,h), the Bellman’s equations in Eq.

(11) can be rewritten as follows:

VA (2,h) =30 > pcarp(h' | ) (min(z + a,B), 1) (15)
a hex
T (@) = max [u(@,y) = Ae(hy) + V™ (= p,h)] (16)

The first equation shows that the post-decision state-value function V™A (.-) is obtained from the normal

state-value function J ™ (-,-) by taking the expectation over the possible traffic arrivals and possible channel
transitions. The second equation shows that the normal state-value function is obtained from the post-decision
state-value function V' (.-) by performing the maximization over the possible scheduling actions. This
maximization is referred to as the foresighted optimization since the optimal scheduling policy is obtained by
maximizing the long-term utility.

The advantages of introducing the post-decision state and corresponding value functions are summarized next.

¢ In the normal state-based Bellman's equations in Eq. (11), the expectation over the possible channel states has

10
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to be performed before the maximization over the possible scheduling actions. Hence, performing the
maximization requires the knowledge of the data arrival and channel dynamics. In contrast, in the post-
decision state-based Bellman's equations in Egs. (15) and (16), the expectation over the possible arrivals and
channel states is separated from the maximization. If we directly approximate the post-decision state-value
function online (which will be detailed out in Section IV), we can perform the maximization without
computing the expectation and hence, without the knowledge of the data arrival and channel dynamics.

By introducing the post-decision states, the foresighted optimization in Eq. (16) is deterministic. We will
further show that the post-decision state-value function for our considered problem is concave in the backlog
z in Section IV. Hence, the foresighted optimization in Eq. (16) is a one-variable convex optimization and
can be easily solved using the large library of solvers (e.g. CVX [35]) for the deterministic convex problem.
Since the post-decision state-value function is concave (shown in Section IV), we are able to compactly
represent the post-decision state-value functions using piece-wise linear function approximations which
preserve the concavity and the structure of the problem.

As depicted in Figure 2, we notice that the channel and traffic dynamics are independent of the queue length’,
which enables us to develop a batch update on the post-decision state-value function described in Section IV.

The Bellman's equations for the scheduling problem can be solved using value iteration, policy iteration or

linear programming, etc., when the dynamics of channel and traffic are known a-priori. However, in an actual

transmission system, this information is often unknown a-priori. In this case, instead of directly solving the

Bellman's equations, online learning algorithms have been developed to update the state-value functions in real

time, e.g. Q-learning [16][17], actor-critic learning [23], etc. However, these online learning algorithms often

experience slow convergence rates. In this report, we develop a low-complexity online learning algorithm which

can significantly increase the convergence rate.

IV. APPROXIMATE DYNAMIC PROGRAMMING

11
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In this section, we will first develop the structural properties of the optimal scheduling policy and
corresponding post-decision state-value function, based on which we will then discuss the approximation of the
post-decision state-value function and the online learning of the post-decision state-value function. This

approximation allows us to compactly represent the post-decision state-value function. The following theorem
shows that the optimal post-decision state-value function V" (z,h) is concave in the parameter z .
Theorem 2. With assumptions 1 and 2, the post-decision state-value function V™A (z,h) is a concave function

in z for any given h € 7 and the optimal scheduling policy 7" (z,h) is non-decreasing in z for any given

heX.

Proof: See Appendix A. The key idea of proving this theorem is also illustrated in Figure 4 where the

concavity of V" (z,h) and the non-decreasing property of 7 * (z,h) is proved using backward induction.

Va_i(z,h)
Concave in «

v

u(z,y) — Ae(h,y) Vai(z—y.h)
Supermodular and Supermodular and
jointly concave in (1) jointly concave in (z.y)
JA (z,h) =
J?fgf ulez,y)— de(h,y) ~aVe_ (z—yh I
L )

w2 (x, k) Non-decreasing in =

J2 (x,h) Concave in

Expectation over a and h

Figure 4. Key idea in proving Theorem 2.

In the above, we derive the structural properties associated with the optimal solutions. However, we still face

two problems: (i) since the queue length is often continuous or the capacity of the queue is large, the state space

3 If the channel and traffic dynamics depends on the queue length, we can still separate the maximization and expectation. However, the update on the post-
decision state-value function is much more complicated and will be investigated in the future.

12
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is very large, thereby leading to expensive computation cost and storage overheads; (ii) the channel states and
incoming traffic data dynamics are often difficult to characterize a priori, such that the Bellman’s equation cannot
be solved before the actual traffic transmission. In this section, we first present an approximation method to
compactly represent the post-decision state-value function. We then present approximate dynamic programming
solutions using the approximated state-value function. To deal with the unknown dynamics, we propose an online

learning algorithm based on the approximated state-value function.

A. Approximating the post-decision state-value function
In this section, we present the proposed method for approximating the post-decision state-value function and
we quantify the gap between the approximated post-decision state-value function and optimal post-decision state-

value function. We define the post-decision state based dynamic programming operator as

TVA (z,h) = Z Z pca>p(h’ | h)
a hex (17)
[u(min(fv—i—a,B),y)—)\c(h/,y)—i—on’\(min(i“—i—a,B)—y,h’)}

max
0<y<min(z+a,B)
It can be proved that the operator 7 is a maximum norm « -contraction [19], i.e.

|Tv* =TV <a|v* =V and lim T'V* = V"™ for any V*. Due to the concavity preservation of the

post-decision state based dynamic programming operator, we choose the initial post-decision state-value function
as a concave function in the queue length z and denoted as V.

In Appendix B, we present a method to approximate a concave function using piece-wise linear function. In
this method, we are able to control the computation complexity and achievable performance by using different
predetermined approximation error threshold ¢ . The advantage of the proposed approximation method is that we
can approximate the concave function only by evaluating the function at a limited number of points and without
knowing the closed form of the function. We denote the approximation operator developed in Appendix B as A;f
for any concave function f. Then Asf is a piece-wise linear concave function and satisfies 0 < f — Asf < 6.

The dynamic programming operator with adaptive approximation is represented by AsTV*.

Theorem 3: Given the initial piece-wise linear concave function Vg, we have

13
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0

(). 0V —(AT) V) < 1 (18)
—
(ii). For any other concave function V;*,
o o0 6
[CATY* Ve = (AT V| < = (19)

Proof: See Appendix.

In Theorem 3, we notice that, starting with any piece-wise linear concave function Vi, the value iteration
using the dynamic programming operator with adaptive approximation converges to the ¢ -optimal post-decision
state-value function V", where ¢ = 1/(1 — «). For any arbitrarily small ¢, we can choose § = (1 — o). We

further notice that, in Theorem 3, the convergence is achieved by applying the dynamic programming operator,
which requires the statistical knowledge of the underlying dynamics. In the next section, we present how to learn
the post-decision state-value function online with this adaptive approximation, which does not require this

statistical knowledge.

B. Online learning by approximating the post-decision state-value function

In section IV.A, we propose an approximated dynamic programming to compute the post-decision state-value
function assuming that the traffic and channel dynamics are known a-priori. However, the traffic and channel
dynamics cannot be often characterized beforehand. When the dynamics of the channel and data arrivals are not
known before the transmission system is implemented, we face the following difficulties: (i) the Bellman's
equations for both the normal states and post-decision states cannot be explicitly solved since they require the
distribution of traffic arrivals and the probability of channel transition; (ii) solving the Bellman's equation often
requires multiple iterations to reach the optimal policy, e.g. using value iteration or policy iteration. Instead, in
this section, we propose an online learning algorithm which estimates the post-decision state-value function
(represented by the piece-wise linear function) online.

The Bellman's equations provide us the necessary foundations and principles to learn the optimal state-value
functions and optimal policy on-line. From the observation presented in Section III, we note that the expectation

is separated from the maximization when the post-decision state is introduced. We note that the online learning

14
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algorithm proposed in [17] only updates the post-decision state-value function in one post-decision state

(z;_1,s_1 ) in one time slot, which is referred to the one-state-per-time-slot online learning. However, in our
considered transmission system, we notice that the data arrival probabilities and channel state transition are
independent of the backlog x . In the other words, at time slot ¢, the traffic arrival a;,_; and new channel state &
can be realized at any possible backlog z . Hence, instead of updating the post-decision state-value function only

at the state (%;,_1,/_; ), we are able to update the post-decision state-value function at all the states which have
the same channel state #_;. From Eq. (15), we note that, given the traffic arrival a,_;, new channel state h;,
and the post-decision state-value function V'~ (z,h), we can obtain the optimal scheduling by solving the
foresighted optimization:

T () = max [u(ay) = Xe(hy) + oV (@ = gy 20)

where © = min(Z + a,_,,B) and % is the post-decision backlog.

As we point out at the beginning of this section, the statistics of the traffic arrival and channel state transition
is not available beforehand. In this case, instead of computing the post-decision state-value function as in Eq.
(15), we can update online the post-decision state-value function using reinforcement learning [23]. Specifically,
at time slot ¢ — 1, the post-decision state is (Z_;,h_; ). At time slot ¢, the normal state becomes s, = (z;,h )
with 2z, = min(#_; + a,_1,B) and the channel state h_; transits to h, with the unknown probability
pr(h | h_y) . We can find the optimal scheduling policy at any normal state s = (x,h) , where
z = min(Z + a;, B),VE, by solving the optimization in Eq. (20) which gives the normal state-value function
J (z,h,) . From Eq. (15), we note that the post-decision state-value function is computed by taking the

expectation of the normal state-value function over all possible traffic arrival and channel transmissions.
However, instead of taking expectation, we can update the post-decision state-value function using time-averages

for all the states {(z,h,_;),VZ} as follows:

VA (& k1) = (1= B) VI (&) + B (min(E + 4, B), by ),V

i : Bl Q1)
VI (&,h ) = VI (5,8 ), YEh = by

15
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where (3, is a learning rate factor [23], e.g. 5, = 1/¢. We refer to the update as the “batch update” since it can
update the post-decision state-value function V (Z,h, ) at all the states {(z,h_; ),VZ}.

The following theorem shows that the above online learning algorithm converges to the optimal post-decision
state-value function V" (z,%) based on which the optimal scheduling policy can be determined.

Theorem 4. The online learning on the post-decision state-value function V** (z,h)converges to the optimal

o0 o0
VA (2,h) when the learning rate factor 3, satisfies' » 3, = 00, 87 < co.
t=0 t=0

Proof: See Appendix D.

We notice that, unlike the traditional Q-learning algorithm where the state-value function is updated for one
state per time slot, our proposed online learning algorithm is able to update the post-decision state-value function
for all the states {(Z,h;_;),VZ} in one time slot. The downside of the proposed online learning algorithm is that
it has to update the post-decision state-value function V'* (#,h,_,) for all the states of {(&,k, ),Vi}, which often
requires many computations when the number of queue states is large. To overcome this obstacle, we propose to
approximate the post-decision state-value function V' (Z,h) using piece-wise linear functions since V' (z,h) is
a concave function. Consequently, instead of updating all the states for the post-decision state-value function, we
only update a necessary number of states at each time slot, which is determined by our proposed adaptive
approximation method presented in Appendix B. Specifically, given the traffic arrival a;_;, new channel state #,,
and the approximated post-decision state-value function V*~* at time slot ¢ — 1, we can obtain the optimal
scheduling (z,h, ) where = = min(% + a,_1,B),V# and the state-value function J“* (z,h, ) by replacing the
post-decision state-value function V!~ in Eq. (20) with the approximated post-decision state-value function
V!~1* . We can then update the post-decision state-value function V' (Z,h,_; ) the same as in Eq. (21). However,
as discussed in the above, we need to avoid updating the post-decision state-value function at all the states. It has

been proved in Section IV.A, the post-decision state-value function V% (#,h,_;) is a concave function. Hence,
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we propose to approximate the post-decision state-value function V' (#,/,_,) by a piece-wise linear function
which can preserves the concavity of the post-decision state-value function. The online learning algorithm is

summarized in Algorithm 1.

Algorithm 1: Online learning algorithm with adaptive approximation

Initialize: V%" (.h) = 0 for all possible channel state h € % ; post-decision state s, = (z,hg); t = 1.
Repeat:

Observe the traffic arrival a,_; and new channel state h, ;

Compute the normal state (min(z;_; + a;_1,B),h ) ;

Approximate the post-decision state-value function given by

VI (mhy_y) = A5 (L= BV (a,hyy) + B (min (2 + ay, B), ) ) ;
Compute the optimal scheduling policy »"* and transmit the traffic;
Update the post-decision state s, = (min (z,_; + a,_y,B) — y" by );

t—t+1;
End

The following theorem shows that the post-decision state-value function learned using Algorithm 2 converges
to the ¢ -optimal post-decision state-value function.

Theorem 5: Given the concave function operator 4; and the initial piece-wise linear concave function
VO (., h) for any possible channel state h € 7/ , we have that

@{). VA (,h) isa piece-wise linear concave function;

(i). 0 < V™A (,h) =V (,h) < 6 /(1 —«) where V™ (-, h) is the optimal post-decision state-value function.

Proof: See Appendix E.

Theorem 5 shows that, under the proposed online learning with adaptive approximation, the learned post-

decision state-value function converges to the ¢ -optimal post-decision state-value function where ¢ = § /(1 — «)

and can be controlled by choosing different approximation error threshold é . In Section VLA, we will show how
the approximation error threshold affects the online learning performance.
It is worth to note that, the online learning algorithm with adaptive approximation shown in Algorithm 1

requires to be performed at each time slot, which may still have high computation complexity, especially when

“ This conditions are quite normal and have been adopted in the literature [16][17].
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the number of states to be evaluated is large. In order to further reduce the computation complexity, we propose
to update the post-decision state-value function (using the latest information about channel state transition and
packet arrival) every T (1 < T < oo) time slots. The following theorem shows that the online learning performed
every T time slots still converges to the ¢ -optimal solution.

Theorem 6: Given the concave function operator A4; and the initial piece-wise linear concave function
VoA (. h) for any possible channel state h € 7/, if the online learning algorithm shown in Algorithm 1 is
performed every T time slots, and the underlying channel state transition is an aperiodic Markov chain, then we
have that

(). VA (,h) isa piece-wise linear concave function;

(). 0 S VA (Lh) =V (L h) < 6/(1—a).

Proof: The proof is the same as the one to Theorem 5. When the underlying channel state transition is
aperiodic, updating the post-decision state-value function every T time slots will still ensure that every state will
be visited infinite times and hence will converge to the ¢ -optimal solution.

In Section VI.A, we also show the impact of choosing different T' s on delay-energy consumption trade-off.

C. Comparison with other representative methods for single user transmission

In this section, we compare our online learning solution with the stability-constrained optimization proposed
in [10][11][12][13] and the Q-learning algorithm proposed in [17] when applied to the single-user transmission.
In the stability-constrained optimization, a Lyapunov function is defined for each state (z,,h,) as U (z;,h, ) = o} .
Note that the Lyapunov function only depends on the queue state ;. Then, instead of minimizing the trade-off
between the delay and the energy consumption, the stability-constrained optimization minimizes the trade-off
between the Lyaponov drift (between the current state and post-decision state) and energy consumption:

min Ac(h,y) + o} — (2 — g ) (22)

0<y
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Compared to the foresighted optimization in Eq. (16), we note that, in the stability-constrained optimization

method, the post-decision state-value function is approximated by’
VA(It*ytaht):(*(It*yt)+(xt*yt)2*1t2)/@~ (23)

The difference between our proposed method and stability-constrained method can be summarized as follows:
(1). From Eq. (23), we note that the approximated post-decision state-value function is only a function of the
current backlog z; and the scheduling decision y; and does not take into account the impact of the channel state
transition and transmission cost. In contrast, we approximate the post-decision state-value function directly based
on the optimal post-decision state-value function which explicitly considers the channel state transition and the
transmission cost.
(ii). It has been proved [13] using the stability-constrained optimization method that the queue length must be

larger than or equal to Q(~/X)°, when the energy consumption is within O(1/\)7 of the optimal energy

consumption for the stability constraint, and that it asymptotically achieves the optimal trade-off between energy
consumption and delay when A — oo (corresponding to the large-delay region). However, it provides poor
performance in the small delay region (when A — 0 which allows us to have small queue length). This point is
further examined in the numerical simulations presented in Section VI. In contrast, our proposed method is able
to achieve the near-optimal solution in the small delay region.

(iii). Furthermore, in order to consider the average energy consumption constraint, a virtual queue has been
maintained to update the trade-off parameter A\ in [13]. It can only be shown that this update achieves
asymptotical optimality in the large delay region and results in very poor performance in the small delay region.
Instead, we propose to update A using stochastic subgradients which achieves the ¢ -optimal solution in the small

delay region, similar to [16][17].

>In [10][11][12][13], the utility function at each time slot is implicitly defined as u (x;,y; ) = —(Z; — y; ) representing the negative value of the
post-decision backlog.

£XY) ( VA ) denotes that a function increases at least as fast as ' \ .

"In [13], the parameter V' isused istead of A .
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We notice that the Q-learning® algorithm is also performed online. However, instead of updating the post-
decision state-value function, it updates the state-action value function only at the visited state-action pair per
time slot. The downsides of the Q-learning are: (i). it has to maintain a table to store the state-action value
function for each state-action pair which is significantly larger than the state-value function table; (ii). It only
updates the entry in the table at each time slot and does not preserve the structure of the considered problem.
However, in our proposed online learning with adaptive approximation, we are able to approximate the post-
decision state-value function using piece-wise linear function which requires to store the values of only a limited
number of post-decision states. It also updates the post-decision state-value function at multiple states per time
slot and further preserves the concavity of the post-decision state-value function. We show in the simulation
results that our proposed online learning algorithm significantly accelerates the learning rate compared to the Q-
learning algorithm.

In terms of computation complexity, we notice that the stability-constrained optimization performs the
maximization shown in (22) once for the visited state at each time slot and the Q-learning algorithm also
performs the maximization (finding the optimal state-value function from the state-action value function [23])
once for the visited state at each time slot. In our proposed online learning algorithm, we need to perform the
foresighted optimization for the visited state at each time slot. Furthermore, we have to update the post-decision
state value function at the evaluated states. The number of states to be evaluated at each time slot is denoted by

ns which is determined by the approximation error threshold é . If we update the post-decision state-value

function every T time slots, then the total number of foresighted optimization to be performed, on average, is

1+ n—jf From the simulation results, we notice that we can often choose ns < 7' which means that the number of

foresighted optimization to be performed per time slot is less than 2.

V. APPROXIMATE DYNAMIC PROGRAMMING FOR MULTIPLE PRIORITY QUEUES

In this section, we consider that the user delivers prioritized data, buffered in multiple queues. The backlog

8 Q-learning algorithms may not require to know the utility functions. However, in our reportreport, the utility function is assumed to be known.
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state is then denoted by =, = [Il,ta"'sz,t] € [0,B)", where z; represents the backlog of queue 7 at time slot ¢
and N is the number of queues. The decision is denoted by y, = [y1,,-,yy, | Where y;, represents the amount of
traffic that is transmitted at time slot ¢. Similar to the assumptions in Section II, we assume that the immediate

utility has the additive form of u(z,y) = ZN u; (2;,y; ) where w; (z;,y; ) represents the utility function of queue

i=1""
i, and the transmission cost is given by c¢(h,y) = c(h,Zf_V: Vi ) The immediate utility and transmission cost

satisfy the following conditions:

Assumption 3: the utility function for each queue satisfies assumption 1;

Assumption 4: ¢(h,y) is increasing and convex in y for any give h € 7 .

From assumptions 3 and 4, we know that «(z,y) — Ac(h,y) is supermodular in the pair of (z,y) and jointly
concave in (z,y). Similar to the problem with one single queue, the following theorem shows that the optimal
scheduling policy is also non-decreasing in the buffer length = for any given h € 7 and the resulted post-
decision state function is a concave function.

Theorem 6. With assumptions 3 and 4, the post-decision state function V" (z,h) is a concave function in

for any given h € 7 and the optimal scheduling policy 7" (z,h) is non-decreasing in z for any given h € % .

Proof: The proof is similar to the one in Theorem 2 and omitted here due to space limitations.

Similar to the approximation in the post-decision state-value function for the single queue problem, the
concavity of the post-decision state function V' (z,h) in the backlog = enables us to approximate it using
multi-dimensional piece-wise linear functions [26]. However, approximating a multi-dimensional concave
function has high computation complexity and storage overhead due to the following reasons.

(i). To approximate an N -dimensional concave function, if we sample m points in each dimension, the total
number of samples to be evaluated is m” . Hence, we need to update m” post-decision state-values in each time
slot and store the m”" post-decision state-values. We notice that the complexity still exponentially increases with

the number of queues.
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(ii). To evaluate the value at the post-decision states which are not the sample states, we require N -
dimensional interpolation, which is often required to solve a linear programming problem [26]. Given the post-
decision state-values at these sample points, computing the gap requires solving the linear program as well.
Hence, the computation in solving the maximization for the state-value function update still remains complex.

However, we notice that, if the queues can be prioritized, this can significantly simplify the approximation
complexity, as discussed next. First, we formally define the prioritized queues as follows.

Definition (Priority queue): Queue j has a higher priority than queue % (denoted as j < k) if the following
condition holds:

ui (25,y; +0y) —ui (25,y;) > w (2,55 +0y) — w, (2, 55), Y2, 23,y +0y < x5,y +0y < 3.

The priority definition in the above shows that transmitting the same amount of data from queue j always
gives us  higher utility than transmitting data from queue k£ . One example is
w(x,h,y) = w; min (21, y; ) + wy min (2,9, ) With w; = Lw, = 0.8. It is clear that queue 1 has higher priority than
queue 2. In the following, we will show how the prioritization affects the packet scheduling policy and the state-
value function representation. In the following, we assume that the N queues are prioritized and 1 << 2--- < N .
The following theorem shows that the optimal scheduling policy can be found queue by queue and the post-
decision state-value function can be presented using N one-dimensional concave functions.

Theorem 7: The optimal scheduling policy at the post-decision state (x,h) and post-decision state-value
function can be solved as follows.

(i) The optimal scheduling policy for queue : is obtained by solving the foresighted optimization:

*
; = ar max
Yi gOgyigmin(l‘L+al,B)

i1
‘[Uz(min(% +a;,B),y;) — )\C[hayi + Zyj

J=1

. 24)
+aV " (min(z; + a;, B) — y;,h) Vi

(ii) The optimal scheduling policy satisfies the condition of (z; —y; )y; = 0 if i < .

(iii) The post-decision state-value function Vi*’A (z;,h) is a one-dimensional concave function for fixed » and

is computed as
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0<y; <min(z; +a;,B)

Vo) = 3 S TTe(ap(h () _max
ap,ya; B j=1

, , (25)
i—1 i—1
> (%’»Z;) + w; (min(z; + a;,B),y;) — )\C[h/»yz +> 7 |+ aV;* (min(z; + a;, B) — Z/z»h/)},w
=1 =1
i1 .
where z = argogtaj(at[ui(ai,zi))\c[h’,zi Jr]z::lzj +aV; M g zi,h’)},w.

Proof: See the Appendix F.

In Theorem 7, statements (i) and (ii) indicate that, when queue ¢ has a higher priority than queue j, the data

in queue ¢ should be transmitted first before transmitting any data from queue ;. In the other words, if yf >0

(i.e. some data are transmitted from queue j), then z; = y; which means that all the data in queue i has been
transmitted. If z; > y; (i.e. some data in queue i are not transmitted yet), then y; = 0 which means that there is

no data transmitted from queue j. When transmitting the data from the lower priority queue, the optimal

scheduling policy for this queue should be solved by considering the impacts of higher priority queues through
the convex transmission cost, as shown in Eq. (24). We further notice that, in order to obtain the optimal
scheduling policy, we only need to compute N one-dimensional post-decision state-value functions each of
which corresponds to one queue.

From the above discussion, we know that, since 7 < j, the data in queue i must be transmitted earlier than
the data in queue j. Hence, to determine the optimal scheduling policy y;, we only require the post-decision
state-value function V" ((0,---,0,2;,---,2,),h). We further notice that, the data at the lower priority queues
(i < j) does not affect the scheduling policy for queue i . Statement (iii) indicates that, V,"* (z;,) is updated by
setting z;, = 0,k <1 i. It is worth noting that the update of V,**(z;,h) is one-dimensional optimization and
V"* (;,h) is concave. Hence, we are able to develop online learning algorithms with adaptive approximation for
updating V;** (z;,h). The online learning algorithm is illustrated in Algorithm 2.

When compared to the priority queue systems [36] where there is no control on the amount of data to be

transmitted at each time slot, our algorithm is similar in the transmission order, i.e. always transmitting the higher
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priority data first. However, our proposed method further determines how much should be transmitted at each
priority queue at each time.

Algorithm 2: Online learning algorithm with adaptive approximation for transmission scheduling with
multiple priority queues

Initialize: I%l*’\(~,h) = 0,Vi for all possible channel state h € 7 ; post-decision state sy = (xy,hy) where
Ty = (ILO,'~',IN70); t=1.
Repeat:
Observe the traffic arrival a; ; = (a;;_y,-+-,ay,; ) and new channel state &, ;
Compute the normal state (min(x;_; + a;_1,B),} );
For i =1,---,N // find the optimal scheduling policy
Compute the optimal scheduling policy yf . as in Eq. (24) by replacing V; with the estimated one

V!~ and transmit the data.
End
For i = 1,---, N // update the post-decision state-value function
Approximate the post-decision state-value function given by
VI (@) = As (L= BV (2 hy—y) + BT (min(z + a,_y, B), 1))
Where
Jf"’\ (z,h) = max

0<y;<z

i1 i1 )
{Zui (aj,zj) + u; (min(z + a;,B),y;) — /\c[h/,yi + sz + an*l”\ (min(z + a;,B) — yi,h/)}
j=1 i=

Compute z :
i—1
* * St—1,\
zp = Mgogﬁé{uz (a;,2;) — /\C[hmzz + ;Zz + Vi (a; — Ziaht)}

End

Update the post-decision state s, = (min(a,_; + a;_1,B) — y;,/ );

t—t+1;

End

VI. SIMULATION RESULTS
In this section, we perform numerical simulations to highlight the performance of the proposed online learning
algorithm with adaptive approximation and compare it with other representative scheduling solutions.
A. Transmission scheduling with one queue
In this simulation, we consider a wireless user transmitting traffic data over a time-varying wireless channel.

The objective is to minimize the average delay while satisfying the energy constraint. Due to Little’s theorem

24




UCLA Technical Report 03/11/2010

[21], it is known that minimizing the average delay is equivalent to minimizing the average queue length (i.e.

maximizing the negative queue length and «(z,y) = —(z — y) ). The energy function for transmitting the amount

0,2

W( 2Y —1), where o? is the variance of the

of y (in bits) traffic at the channel state 4 is given by c(h,y) =

white Gaussian noise [21]. In this simulation, we choose 7 /o*=0.14 where & is the average channel gain. We

divide the entire channel gain range into eight regions each of which is represented by a representative state. The
states are presented in Table 2. The incoming data is modelled as Poisson arrival [36] with an average arrival rate
of 1.5Mbps. In order to obtain the average delay, we choose o = 0.95. The transmission system is time-slotted
with the time slot length of 10ms.

Table 2. Channel states used in the simulation
Channel gain (h? /o?) regions Representative states
(0, 0.0280], (0.0280, 0.0580] (0.0580, 0.0960] | 0.0131, 0.0418, 0.0753, 0.1157, 0.1661,
(0.0960, 0.1400] (0.1400, 0.1980] (0.1980, 0.2780], | 0.2343, 0.3407, 0.6200
(0.2780, 0.4160] (0.4160, co ]

A.l Complexity of online learning with adaptive approximation

In this simulation, we assume that the channel states transition is modelled as a finite-state Markov chain and
the transition probability can be computed as in [20]. As we discussed in Section IV, by choosing different
approximation error threshold é , we are able to approximate the post-decision state-value function by evaluating
different number of states and at different accuracy. The simulation results are obtained by running the online
learning algorithm for 10000 time slots. Figure 5 shows the delay-energy trade-off obtained by the online
learning algorithms with different approximation error thresholds and Table 3 illustrates the corresponding
number of states that need to be evaluated. It is easy to see that when the approximation error threshold §
increases from O to 30 (note that § = 0 indicates that no approximation is performed), the trade-off curve moves
toward the upper-right corner which means that, in order to obtain the same delay, the learning algorithm with
higher approximation error threshold increases the energy consumption. We notice that the energy increase is less
than 5%. However, the number of states that are required to evaluate at each time slot is significantly reduced

from 500 (corresponding the buffer size B = 500) to 5.
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In order to further reduce the computation complexity, instead of updating the post-decision state-value
function every time slot as performed in the above, we update the post-decision state-value function every T
time slots where 7' = 1,5,10,20,30,40. The delay-energy trade-offs obtained by the online learning algorithm with
adaptive approximation are depicted in Figure 6 where § =10. On one hand, we note that, when 7' increases from
1 to 40, the amount of energy consumed in order to achieve the same delay performance is increased. However,
the increase is less than 10%. On the other hand, from Table 3, we note that we only need to update 10 states at
each time slot when ¢ =10. If we update the post-decision state-value function every T = 40, then on average,

we only need to update 1.25 states per time slot which significantly reduces the learning complexity.

10 T T
—e—3 =0
9r —+—s=5 ||
8- —&—5=10|]
e ——5=20
E 7r ——5=30 4
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z 8 7
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<
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1 - : = o~ =
%5 30 35 40 45

Average energy consumption {mJ)

Figure 5. Delay-energy trade-off obtained by online learning algorithm with different approximation error thresholds

Table 3. Number of states that are updated at each time slot
6=0 6=5 6 =10 6 =20 6 =30

#states updated per time slot 500 14 10 7 5
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Average delay ( 10ms)

Average energy consumption {mJ)

Figure 6. Delay-energy trade-off obtained by online learning algorithm with different update frequencies

A2 Comparison with other representative methods

In this section, we compare our proposed online learning algorithm with other representative methods.
Specially, we first compare our method with the stability-constrained optimization method proposed in [13] for
single-user transmission. We consider three scenarios: (i) i.i.d. channel gain which is often assumed by the
stability-constrained optimization; (ii) Markovian channel gain which is assumed in this report; (iii). Non-
Markovian stationary channel gain (generated by moving averaging model [34]). In this simulation, the trade-off
parameter (Lagrangian multiplier) A is updated via virtual queue in the stability-constrained optimization and via
stochastic subgradient method as shown in Eq. (13) in our proposed method. In our method, § = 10 and 7 = 10.

Figure 7 to Figure 9 show the delay-energy consumption trade-offs when the data is transmitted over these
three different channels. From these figures, we note that our proposed method outperforms the stability-
constrained optimization at both the large delay region (> 15) and the small delay region. We also note that, in
the large delay region, the difference between our method and the stability-constrained optimization becomes
small since the stability-constrained optimization method asymptotically achieves the optimal energy
consumption and our method is ¢ -optimal. However, in the small delay region, our method can significantly
reduce the energy consumption for the same delay performance. We further notice that the stability-constrained

method could not achieve zero delay (i.e. the incoming data is process once it enters into the queue) even if the
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energy consumption increases. This is because the stability-constrained optimization method only minimizes the
energy consumption at the large delay region and does not perform optimal energy allocation at the small delay
region since the queue length is small. In contrast, our proposed online learning is able to take care of both

regions by adaptively approximating the post-decision state-value functions.

30 T T

T I I
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Figure 7.  Delay-energy trade-off when the underlying channel is i.i.d.
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Figure 8.  Delay-energy trade-off when the underlying channel is Markovian
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Figure 9. Delay-energy trade-off when the underlying channel is non-Markovian

We then compare our proposed method with Q-learning algorithm proposed in [17]. In this simulation, we
transmit the data over the Markovian channel. In the Q-learning algorithm, the post-decision state-value function
is updated for one state per time slot. Figure 10 shows the delay-energy trade-offs. The delay-energy trade-off of
our proposed method is obtained by running our method for 5000 time slots. The delay-energy trade-off of the Q-
learning algorithm is obtained by running Q-learning algorithm for 50000 time slots. It can be seen from Figure
10 that our proposed method outperforms the Q-learning even when our algorithm learns only over 5000 time
slots and the Q-learning algorithm learns over 50000 time slot. Hence, our method significantly reduces the
amount of time to learn the underlying dynamics (i.e. experiencing faster learning rate) comparing to the Q-

learning algorithm.
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Figure 10. Delay-energy trade-off obtained by different online learning algorithms when the channel is Markovian

B. Transmission scheduling with multiple priority queues

In this section, we consider that the wireless user schedules the prioritized data over a time-varying wireless
channel. The channel configuration is the same as in Section VI.A. The wireless user has two prioritized classes
of data to be transmitted. The utility function is given by (@, h,y) = w; min(z;,y; ) + wo min (z,y, ) Where
w; = 1.0 and wy, = 0.8 represent the importance of the data at classes 1 and 2, respectively. Thus, we have
1 < 2. Figure 11 illustrates the utility-energy trade-offs obtained by the proposed online learning algorithm and
the stability-constrained optimization method. Figure 12 shows the corresponding delay-energy trade-offs
experienced by each class of data. It can be seen from Figure 11 that, at the same energy consumption, our
proposed algorithm can achieve an utility 2.2 times higher of the one obtained by the stability-constrained
optimization method. It is worth noting that class 1 has less delay than class 2 which is demonstrated in Figure
12, because class 1 has higher priority. It can also be seen from Figure 12 that, the delay is reduced by 50%, on
average, for each class in our method when compared to the stability-constrained optimization method. This
improvement is due to the fact that our proposed method explicitly considers the time-correlation in the channel

state transition and the priorities in the data.
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Figure 11. Utility-energy trade-off of prioritized traffic transmission by different online methods when the channel is

Markovian
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Figure 12. Delay-energy trade-off of each class in prioritized traffic transmission by different online methods when the

channel is Markovian
VII. CONCLUSIONS
In this report, we first establish the structural results of the optimal solutions to the constrained MDP
formulation of the transmission scheduling problems. Based on these structural properties, we propose to

adaptively approximate the post-decision state-value function using piece-wise linear functions which can
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preserve the structural properties. Furthermore, this approximation allows us to compactly represent the post-
decision state-value functions and learn them with low complexity. We prove that the online learning with
adaptive approximation converges to the e -optimal solutions the size of which is controlled by the pre-
determined approximation error. We extend our method to the heterogeneous data transmission in which the
incoming traffic is prioritized. An extension of our method considers heterogeneous data transmission in which
the data has different delay-deadlines, priorities and dependencies has been discussed in [29]. Another possible
extension is that multi-user data transmission in which the users share the same network resources. The
interesting issue here is how the network resource can be dynamically allocated and how the users learn their
own state-value functions. Partial results on this have been presented in [33].

We notice that the method presented in this report can be applied to other classes of applications in which the
immediate utilities are supermodular, and where the decisions need to be adapted dynamically, over time, and
which operate in unknown environments. Examples of such applications are cross-layer optimization [33],
adaptive media encoding/decoding [31], dynamic resource allocation for large-scale data center [32] and

streaming mining systems [30], etc.

Appendix

Appendix A: Proof of Theorem 2

We use backward induction to prove this theorem. Since the value iteration converges to the optimal post-
decision state-value function V" (z,h) for any initial post-decision state-value function Vg (z,h). We choose
V' (z,h) to be monotonic and concave in = for any h € 7 . Due to the symmetry, we only consider the case that
u(z,y) is decreasing in z but supermodular in (z,y). Then, we choose Vi (z,h) to be non-increasing and
concave in z,e.g. Vi (z,h) = —z.

Now assume that V,)_, (z,h) is concave in z forany h € # , and V;) (z,h),m = 1,2,3,--- are computed as
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Vi (z,h) za:h;ip(a)p h/|h)0<y<rrgilrzll()§+a’3)[u(min(x+a,B), y) — /\c( )+OLVm 1(m1n(:1:+aB) h/)]

It can be proved that lim V,) (z,h) = V" (z,h). In the following, we only need to prove that V,} (z,h) is

concave. We also notice that and the optimal scheduling policy w(z,h) can be obtained as

7N (z,h) = lim 7, (z,h) where

T (:h) = arg max Qp, (w,h,y)
and
On (z,hy) = [uz,y) = Ac(hy) + oV (2 — y,h)].
To prove that = * (z,h) is increasing in = for any %, we only need to prove that @), (z,h,y) is supermodular in
(z,y). First, we note that V,}_, (z,h) is concave in z by our assumption. Then it holds that

Vi1 (@1,h) + Vi1 (29,h)
< Va1 (L=m)zy + nag,h) + Vi (ny 4+ (1 —n)zy,h),Vn € 10,1]

!/
Consider that 2" >z and y' >y and v > ¢ . Let 2y = 2’ —y and z, = 2 — ¢/ andn:,yfy,.Then

(L=ma +nz = (2" —y')mm + (L=n)z = (z - ).
Hence, we have
Vi (2 = gh) + Vi (z = y',h) < Vi (z = y,h) + Vo (¢ — o' ,h).
By rearranging, we obtain
Vi (2 =y h) = Voo (2 = y,h) <V (2" —y',h) = Vi (2" = y,h)
which proves that V;)_; (z — y,h) is supermodular in (z,y). It turns out that 7, (z,h) is increasing in z for any
h since @) (z,h,y) is supermodular. Let m — oo, we know 7 (z,h) is also increasing in z for any h.

Next, we try to prove that V;) (z,h) is concave in = for any h. We first prove that

A _ A
I (2,h) = Jnax. Q@ (z,h,y)
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is concave in z for any h. For any z,z,, we assume that the optimal scheduling are y, = ¢ (z;,h) and
ys =y (2,h), respectively. Vn € [0,1], we have

I (@) + Ty (29,h) = w(zy,y) — AcChyy) + oV oy (311 =y, h)
+u w2,y ) = Ac(hyya) + aViny (72 — o, h)

<u(nm + (L=n)zy,my + (1 =n)y) = Ac(hny +(1=n)y) +
aViy (n(az —y) + (L=n)(z2 —y2),h)

= Qn (2 + (1= n)xo, by + (1= 1) 3n)

< o (g + (1= n)z9,h)

The first inequality is from the facts that «(z,y) is jointly concave in (z,y) and c¢(h,y, ) is convex in y and

VA1 (z,h) is concave in z . The second inequality is from the fact that J), (z,h) = [nax Q) (z,hy).
<y<wz

Then J) (z,h) is concave in z . We further define ¢(z,a) = min(B —z,a) . We note that

VA (z,h) = Z Zp(qb(a:,a))p(h’|h)J;},,(a:+¢(m,a),h’) and p(¢(z,a)) is uniquely determined by the
o(z,a)h'eH

distribution of pca> and z. Then J)) (§) is concave as well.m
Appendix B: Approximating the concave function

In this section, we present a method to approximate a one-dimensional concave function. Considering a
concave and increasing function f : [a,b] — R with n points {(z;,f(2;))|i=1--,n} and z; < 2y < -+ < x,.
Based on these n points, we are able to give the lower and upper bounds on the function f. It is well-known that
the straight line through the points (z;, f(z;)) and (2,4, f(%;4,)) for ¢ = 1,---,n — 1 is the lower bound of the
function fcz> for x € [z;,2;.,]. It is also well-known that the straight lines through the points (z; i, f(z;_1))
and (z;,f(z;)) for i =2,---,n and the points (z;.1,f(z;41)) and (z; 9, f(2;10)) for i =1,---,n —2 are the

upper bounds of the function fcz> for z € [z;,2,,,]. This is illustrated in Figure 13.
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1

Figure 13. Lower and upper bound of the concave function fcz> in the range of [z;,z;,,].
This idea can be summarized in the following lemma.
Lemma: Given n points {(z;,f(z;))|i=1--,n} with 2y =a <2y <-- <z, =b and fcz> is an concave
and increasing function, then

(i) the piece-wise linear function fcz> = ki + b if 2; < <z, is the lower bound of fcz> where

f(mig) = f(z) b — i1 f () — @if (ig1)

Tit1 — T Tiv1r — &

ki:

(ii) The maximum gap between the piece-wise linear function fcz> and fcz> is given by

6= max (26)

i=1--n—1
where

Bz + b — kpry — byl
V1 + K
ki1 — kK

Hk"k'(bil —biy1) = (b = b )H
(51' = i—1 i+1 Lcien 1 (27)

V14 K2

"knflIn + bnfl — kn72In — bn72 "

N1+E,

t=n—1

Proof: The proof can be easily shown based on Figure 1 and basic algebra geometry knowledge. We omit the

proof here for space limitations.
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In the following, we present an iterative method to build the lower bound piece-wise linear function fcz>
with the pre-determined approximation threshold 6 . This iterative method is referred to as the sandwich
algorithm in the literature [25].

The lower bound piece-wise linear function and corresponding gap are generated in an iterative way. We start

evaluating the concave function fcz> at the boundary point z = @ and z = b, i.e. I = {[a,b]},n = 2. Then we

can obtain the piece-wise linear function f, <z> with the maximum gap of 6° = || f(b) — fca>| . Assuming that, at

iteration %, the maximum gap is 6* which is computed at the corresponding interval [%““’}Ml}‘ If the gap

8¥ > &, we evaluate the function fcz> at the additional point y = (Ijk +Tpy ) /2. We partition the interval

[a:],k,,a:],kﬂ} into the two intervals [I]_k,y] and [y, Ijul}‘ We further evaluate the gaps for the intervals

[“”jhp%k ],[mjk ,yHy, Ty }, and [%’wv%w] using Eq. (27). The maximum gap is then updated. We repeat this
procedure until the maximum gap is less than the given approximation threshold ¢ . The procedure is summarized

in Algorithm 3.

Algorithm 3. Sandwich algorithm for approximating the concave function

Initialize: 20 =a,, 25 =0, f(2), f(2)), 6" = f(2))— f(2)), /=1, k=0 and n =2;
Repeat:
y= (Ijk +xjk+1)/2;Compute fy);

Partition the interval [Ijk,fl:jk +1} into [Ijk,,y} and [y, T }

Compute the gaps corresponding to the intervals [mjkfl,xjk ] , [:Ej,‘,y}, [y, a:ij] and [%’wv%n .
k+1
j+1

k

z k+1 . I;§+1 - xf for j =1,---,5";

HI? for.]:.]k+177n’ $jk =Y,

k—k+1;n+—n+1;
Update the maximum gap ¢* and the index j* corresponding to the interval having the maximum gap.
Until 6" < 6.

This algorithm allows us to adaptively select the points {z;,---,z,, } to evaluate the value of fcz> based on

the pre-determined threshold ¢ . This iterative method provides us a simple way to approximate the post-decision
state-value function which is concave in the backlog z .

Appendix C: Proof of Theorem 3
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Proof: We first note that V™ (z,h) = lim V) (z,h) = T™V{' (z,h) . Since T is a maximum norm o -

contractor, we have [TV —TV'| <al|V-V'|_. I 0<V(z,h)=V'(z,h)<6é, then TV —TV' < ab The
piece-wise linear approximation operator has 0 < TV — A;TV < é. Then we have

||vao>\ - (A(ST)m VO)\ "OC — ||TTm71VO>\ - AtST(A(ST)mfl VO)\ "oo <6+ Oé||Tm71V0/\ - (A(;T)7n71 VO/\ "OC

<6+ a8+ af TV — (AT V) << 8Y et
=1

Let m — oo , we have ||T°°VUA — (AsT)H)™ Vo’\"OO §5ZOzH =1 5@ . It can be easily shown that
i=1 -

T>Vg > (AsT)™ Vg . Hence, we have 0 < TV — (A1) Vit < %. This proves statement (i).

and

For any piece-wise linear function Vg and V{* , we have 0 < TV — (AT)*V < : 0

0 < TV — (AsT)* VP < % We can conclude that 0 < (AT Y* Vi — (AT V| < % , which
o° -«

T 1l-«
proves statement (ii). m
Appendix D: Proof of Theorem 4
Proof: To prove this, we define the foresighted optimization operator as follows.

T,1V (z,h) = max [u(min(z + a,B),y) — Ac(h,y) + oV (min(z + a,B) — y,h)].

0<y<min(z+a,B)
Then the post-decision state-based Bellman equations can be rewritten as

VA =ET,, Vv

ah
where E is the expectation over the data arrival and channel state transition and the operator is a maximum norm
« -contraction.
The online learning of the post-decision state-value function in Eq. (21) can be re-expressed by
Y — A g (T(LJLVt—l,A —ytiAy,
Similar to [24], it can be shown that the convergence of the online learning algorithm is equivalent to the

convergence of the following O.D.E.:
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VA = E T,V — V.

Since T,, is a contraction mapping, the asymptotic stability of the unique equilibrium point of the above

O.D.E. is guaranteed [24]. This unique equilibrium point corresponds to the optimal post-decision state-value

function V' . m
Appendix E: Proof of Theorem 5

Proof: From the proof of Theorem 4, we know that, the online learning algorithm with the adaptive

approximation can be re-expressed as

Vt.)\ — Aé (Vl‘,fl,)\ + 61‘, (Ta,}zvt717)\ o thl.)\ )) .

The corresponding O.D.E. is

VA :Aig(El)Tay,LVA)—V’\.

By the contraction mapping and the property of A;s, we can show that ||V*~fA VA <

e

Appendix F: Proof of Theorem 7

Proof: We prove this by backward induction. We choose the initial post-decision state value function

VoA (a,h) = 0. Then,

N N
1,/\ — . . ) — .
y = argorgfgm{zuz(w“yz) AC[h,Zyz”-

i=1 i=1

Due to the priorities 1 < 2--- < N, we know that

i—1
A 1A
Yt = argogfngl{ui (z3,9;) — )\c[h,;yj + y;

} .

It can be shown that (xl —y )y}’A =0,ifi<y.

We define

JiL/\ ((Ila"'7Ii)7h) = Ogaé[zuj(%y,) - )\C[h,zyl]}
—=J]="] ]':
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JI* is the state-value function for the normal state corresponding to the queues 1,---,i. It can be shown that
J}* is a concave function.
We further nOtice that JiL/\ ((Ilﬂ'“7xi 7Ay)7h) - le'.'/\ ((Ily"'yxj 7Ay)7h) 2 u/ (IlaAy) - U (ImAy) if 4 < .] .

The post-decision state-value function for queue i is computed by

Vl)\ Imh)_ Z HpJ ')Zp(h/|h)JiL)\((a17"'7a'iflaxi+ai)ah/)‘
a n'

{ll ]
Hence, V' (z; —ay,h) — le’A (z; —ay,h) > u;(zj,0y) — w; (z;,0y) as wellif @ <1 5.
Let us assume that V" " (z; —Ay,h) — V"™ (2; —Ay,h) > u; (25,8y) — w (2;,0y) . Since the lower priority

data  will not affect the transmission of the  higher priority data, we  have

n n
w (@Y oY)+ Y uk(wk,yk)/\C[h,Zyk +4y
[y =1

+ O[vafl.,/\ ((IL — —Ay’ T_;, —Y_,; )ah)]

+aV™ A (2 —y; —by 2 —y ), h)

u(zj,y; +0y)+ Y uk(mk,yk)—)\c[h,z:yk +Ay
k=1k=j k=1

= U (Inyb +Ay - u/ ( 7yj +Ay) + O‘(Vm717)\ ((IL — Y 7Ay,33,i — Y )7h) - Vmil.')\ ((IJ - yJ 7Ay,.’13,j - yfj )ah))
= U (I77y1 +Ay - U]( ]7yj +Ay) + O‘(Vim717)\ (I7 — Y 7Ay7h) - V]imiL)\ (Ij - yj 7Ayvh))

> u; (2,9 oY) — u (25,95 +0y) + a(u; (25,9, +0y) — w (2,9, +6y)) > 0

This means that, if ¢ < j, then transmitting the data from queue 7 results in higher utility than transmitting the

data from queue j. Hence, the optimal packet scheduling satisfies (a: —ym )y]'” A =0.

We further notice that

0<y,; <z;

y/* = arg max [umi,% Ac{h S+

+ O[Vvimil.’)\ (Ii - yuh)]’ B

erL,/\ ((Ila"'7$i )7h) = Ugla,x {Zu] ($]-,y]-) — /\c[h,Zy]
YT G

+ aV" A (3, - yh)}

and

VA (i h) = Hp] Zp (B" [ RV ((apya; 1,7 + a;),h').

ay,ena; j=1
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It can also be shown that J™* ((z,---,2; —Ay),h) — J;"")‘((:rl,m,:rj =0y ),h) = u;(z;,0y) — u; (z;,0y) and
Vy’,mil.’/\ (Ii 7Ay7h) - 1/}'”1717/\ (IJ 7Ay7h) Z uj (IpAy) — Y (IuAy) .

Let m — oo, we have y{”*A — y-*’A and I/]"”\ (z;,h) — Vi*"’\ (z;,h), which proves Theorem 7. m

(3
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