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Abstract—In order to understand the complex interactions
between different technologies in a communications market, it is
of fundamental importance to understand how technologies affect
the demand of users and competition between network service
providers (NSPs). To this end, we analyze user subscription
dynamics and revenue maximization in monopoly and duopoly
communications markets. First, by considering a monopoly mar-
ket with only one NSP, we investigate the impact of technologies
on the users’ dynamic subscription. It is shown that, for any price
charged by the NSP, there exists a unique equilibrium point of
the considered user subscription dynamics. We also provide a
sufficient condition under which the user subscription dynamics
converges to the equilibrium point starting from any initial point.
We then derive upper and lower bounds on the optimal price
and market share that maximize the NSP’s revenue. Next, we
turn to the analysis of a duopoly market and show that, for
any charged prices, the equilibrium point of the considered user
subscription dynamics exists and is unique. As in a monopoly
market, we derive a sufficient condition on the technologies of
the NSPs that ensures the user subscription dynamics to reach the
equilibrium point. Then, we model the NSP competition using a
non-cooperative game, in which the two NSPs choose their market
shares independently, and provide a sufficient condition that
guarantees the existence of at least one pure Nash equilibrium
in the market competition game.

I. INTRODUCTION

Tremendous efforts have been dedicated in the past decade
to enhancing the quality-of-service (QoS) of communications
networks and expanding their network capacities. Neverthe-
less, it is the joint consideration of prices and QoS that deter-
mines the demand of users and the revenue of network service
providers (NSPs). Moreover, investment1 in technologies by
NSPs affects QoS and in turn the pricing schemes they use.
Hence, technologies, NSPs and users are closely coupled and
interact in a complex way (as illustrated in Fig. 1).

In this paper, we are interested in the problem of revenue
maximization in a communications market, and for this we
consider the interaction between technologies, the subscription
decisions of users, and the pricing strategies of NSPs. First,
we focus on a monopoly market with only one resource-
constrained NSP, which provides each user with a QoS that
depends on the number of subscribers. In particular, to take
into account the QoS degradation when more users join the

†This work is supported in part by NSF under Grant No. 0830556.
1Although investment decisions regarding technologies are not explicitly

considered in this paper, our analysis shows how technologies affect the NSPs’
revenues and hence, can provide a basis for investment decisions.
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Fig. 1. Interaction between technology, NSPs and users.

network, the QoS is modeled as a non-increasing function in
terms of the number of subscribers. By jointly considering
the provided QoS and charged price, users can dynamically
decide whether or not to subscribe to the NSP. Under the
assumption that users make their subscription decisions based
on the most recent QoS and the current price, we show
that, for any QoS function and price, there exists a unique
equilibrium point of the user subscription dynamics at which
the number of subscribers does not change. Nevertheless, if
the QoS degrades too fast when more users subscribe to the
NSP, the user subscription dynamics may not converge to the
equilibrium point. Hence, we find a sufficient condition which
needs to be fulfilled by the QoS function to ensure the global
convergence of the user subscription dynamics. We also derive
upper and lower bounds on the optimal price and market share
that maximize the NSP’s revenue.

Next, we analyze a duopoly market by adding another NSP
providing a constant QoS to its subscribers. Given the provided
QoS and charged prices, users dynamically select the NSP
that yields a higher (positive) utility. We first show that, for
any prices, the considered user subscription dynamics always
admits a unique equilibrium point, at which no user wishes to
change its subscription decision. We next obtain a sufficient
condition that the QoS functions need to fulfill to guarantee
the convergence of the user subscription dynamics. Then, we
analyze the competition between the two NSPs. Specifically,
modeled as a strategic player in a non-cooperative game, each
NSP aims to maximize its own revenue by selecting its own
market share while regarding the market share of its competitor
as fixed. This is in sharp contrast with the existing related
literature which typically studies price competition among
NSPs. For the formulated market share competition game,
we derive a sufficient condition on the QoS function that
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guarantees the existence of at least one pure Nash equilibrium
(NE).

Now, we briefly review the existing literature related to
our work. Communication markets have been attracting an
unprecedented amount of attention from various research
communities. For instance, [1] studied the technology adoption
and competition between incumbent and emerging network
technologies. Nevertheless, the model characterizing users’
valuation of QoS is mainly restricted to uniform distribution
and no NSP competition was addressed. In [2], the authors
showed that non-cooperative communication markets suffer
from unfair revenue distribution among NSPs and proposed a
revenue-sharing mechanism that calls for cooperation among
the NSPs. The behavior of users and its impact on the revenue
distribution, however, were not explicitly considered. Without
considering the interplay between different NSPs, the authors
in [3] generalized the utility maximization problem (i.e., rate
allocation in their work) by incorporating the participation
of content providers into the model, and derived equilibrium
prices and data rates. Another paper related to our work is
[5] in which the authors examined the evolution of market
segmentation in wireless social community networks. A key
assumption, based on which the equilibrium was derived, is
that the social community network provides a higher QoS to
each user as the number of subscribers increases. While this
assumption may hold if network coverage is a dominant factor
that determines the QoS, it does not model the QoS degrada-
tion due to, for instance, user traffic congestion incurred at
the NSP. In fact, more users using the network service will
degrade the QoS if the NSP is resource-constrained [8][9].

In summary, the main contributions of this paper are as
follows: (i) we study how different QoS functions (hence,
different technologies) affect the user subscription, revenue
maximization and market competition by assuming a general
QoS model for one NSP and a general distribution of the
users’ valuations of the QoS. This is unlike most of the
existing literature where linear QoS functions and a uniform
distribution are assumed; (ii) we find a sufficient condition
which the QoS provided by a resource-constrained NSP needs
to fulfill in order to guarantee the convergence of the user
subscription dynamics; and (iii) we analyze the competition
between two NSPs choosing their market shares strategically
and characterize QoS functions that ensure the existence of a
NE of the market share competition game.

The rest of this paper is organized as follows. Section II
describes the model and assumptions. In Sections III and IV,
we consider monopoly and duopoly markets, respectively, to
study the user subscription dynamics and revenue maximiza-
tion. An illustrative example is shown in Section V. Finally,
concluding remarks are offered in Section VI.

II. MODEL

We consider a communications market in which two NSPs,
denoted by 𝒮1 and 𝒮2, operate. There is a continuum of users,
as in [1], that can potentially subscribe to one of the NSPs for
communication services. The continuum model approximates
well the real user population if there are a sufficiently large

number of users in the market so that each individual user
is negligible [9]. As in [5][8], we assume throughout this
paper that each user can subscribe to at most one NSP at
any time instant. We also assume that NSP 𝒮1 has sufficient
resources to provide a guaranteed level of QoS to all of its
subscribers [5][6], whereas NSP 𝒮2 is resource-constrained
and thus is prone to congestion among subscribers.2 In other
words, the QoS provided by NSP 𝒮1 is the same regardless of
the number of its subscribers, whereas the QoS provided by
NSP 𝒮2 degrades with the number of its subscribers [9]. Let
𝜆𝑖 be the fraction of users subscribing to NSP 𝒮𝑖 for 𝑖 = 1, 2.
Then 𝜆1 and 𝜆2 satisfy 𝜆1, 𝜆2 ≥ 0 and 𝜆1+𝜆2 ≤ 1. Also, let
𝑞𝑖 be the QoS provided by NSP 𝒮𝑖 for 𝑖 = 1, 2. Note that 𝑞1
is independent of 𝜆1 while 𝑞2 is non-increasing in 𝜆2. We use
a function 𝑔(⋅) defined on [0, 1] to express the QoS provided
by NSP 𝒮2 as 𝑞2 = 𝑔(𝜆2). For simplicity, we assume as in [3]
that the cost of serving subscribers is fixed and smaller than
the level that drives the NSPs out of the market so that we
can use revenue maximization as the objective of the NSPs.

Users are heterogeneous in the sense that they may value the
same level of QoS differently. Each user 𝑘 is characterized by
a non-negative real number 𝛼𝑘, which represents its valuation
of QoS. Specifically, when user 𝑘 subscribes to NSP 𝒮𝑖, its
utility is given by

𝑢𝑘,𝑖 = 𝛼𝑘𝑞𝑖 − 𝑝𝑖, (1)

where 𝑝𝑖 is the subscription price charged by NSP 𝒮𝑖, for
𝑖 = 1, 2.3 Users that do not subscribe to either of the two
NSPs obtain zero utility. Note that in our model the NSPs
are allowed to engage in neither QoS discrimination nor price
discrimination. That is, all users subscribing to the same NSP
receive the same QoS and pay the same subscription price
[5][6].

Now, we impose assumptions on the QoS function of NSP
𝒮2, user subscription decisions, and the users’ valuation of
QoS as follows.

Assumption 1: 𝑔(⋅) is a non-increasing and continuously
differentiable4 function, and 0 < 𝑔(𝜆2) < 𝑞1 for all 𝜆2 ∈
[0, 1].

Assumption 2: Each user 𝑘 subscribes to NSP 𝒮𝑖 if 𝑢𝑘,𝑖 >
𝑢𝑘,𝑗 and 𝑢𝑘,𝑖 ≥ 0 for 𝑖, 𝑗 ∈ {1, 2} and 𝑖 ∕= 𝑗. If 𝑢𝑘,1 = 𝑢𝑘,2 ≥
0, user 𝑘 subscribes to NSP 𝒮1.5

Assumption 3: The users’ valuation of QoS follows a prob-
ability distribution whose probability density function (PDF)
𝑓(⋅) is strictly positive and continuous on [0, 𝛽] for some

2An example that fits into our assumptions on NSPs is a cognitive radio
network in which NSP 𝒮1 is a licensed operator serving primary users while
NSP 𝒮2 is a spectrum broker serving secondary users. Another example is a
market in which NSP 𝒮1 serves each user using a dedicated channel while
NSP 𝒮2 has its users share its limited resources or capacity [9].

3A similar quasilinear utility model has been used in [5][9][10].
4Since 𝑔(⋅) is defined on [0, 1], we use a one-sided limit to define the

derivative of 𝑔(⋅) at 0 and 1, i.e., 𝑔′(0) = lim𝜆2→0+ [𝑔(𝜆2)−𝑔(0)]/(𝜆2−0)
and 𝑔′(1) = lim𝜆2→1− [𝑔(𝜆2)− 𝑔(1)]/(𝜆2 − 1).

5Specifying an alternative tie-breaking rule (e.g., random selection between
the two NSPs) in case of 𝑢𝑘,1 = 𝑢𝑘,2 ≥ 0 will not affect the analysis of
this paper, since the fraction of indifferent users is zero under Assumption
3 and thus the revenue of the NSPs is independent of the tie-breaking rule.
A similar remark holds for the tie-breaking rule between subscribing and not
subscribing in the case of 𝑢𝑘,𝑖 = 0 ≥ 𝑢𝑘,𝑗 for 𝑖, 𝑗 = {1, 2} such that 𝑖 ∕= 𝑗.

2697



𝛽 > 0. For completeness of definition, we have 𝑓(𝛼) = 0
for all 𝛼 /∈ [0, 𝛽]. The cumulative density function (CDF) is
given by 𝐹 (𝛼) =

∫ 𝛼

−∞ 𝑓(𝑥)𝑑𝑥 for 𝛼 ∈ ℝ.
We briefly discuss the above three assumptions. Assump-

tion 1 captures the congestion effects that users experience
when subscribing to resource-constrained NSP 𝒮2 (e.g., traffic
congestion in [8][9]). The shape of the QoS function 𝑔(⋅) of
NSP 𝒮2 is determined by various factors including the resource
allocation scheme and the scheduling algorithm of NSP 𝒮2.
Assumption 2 can be interpreted as a rational subscription
decision. A rational user will subscribe to the NSP that
provides a higher utility if at least one NSP provides a non-
negative utility, and to neither NSP otherwise. Assumption 3
can be considered as an expression of user diversity in terms
of the valuation of QoS. When the users’ valuation of QoS
is sufficiently diverse, its distribution can be described by a
continuous positive PDF on a certain interval as in [9]. Note
that the lower bound on the interval is set as zero to simplify
the analysis, and this will be the case when there is enough
diversity in the users’ valuation of QoS so that there are non-
subscribers for any positive price [6].

III. MONOPOLY COMMUNICATION MARKET

In this section, we study user subscription dynamics and
revenue maximization in a monopoly communications market
where only one NSP operates. For convenience of presenta-
tion, we first analyze the monopoly market of NSP 𝒮2 and
then apply the analysis to the monopoly market of NSP 𝒮1.

A. User Subscription Dynamics in the Monopoly Market of
NSP 𝒮2

When only NSP 𝒮2 operates in the communications market,
each user has a choice of whether to subscribe to NSP 𝒮2 or
not at each time instant. Since the QoS provided NSP 𝒮2 is
varying with the fraction of its subscribers6, each user will
form a belief, or expectation, on the QoS of NSP 𝒮2 when
it makes a subscription decision. To describe the dynamics
of user subscription, we construct and analyze a dynamic
model which specifies how users form their beliefs and make
decisions based on their beliefs. We consider a discrete-time
model with time periods indexed 𝑡 = 1, 2, . . .. At each period
𝑡, user 𝑘 holds a belief or expectation on the QoS of NSP
𝒮2, denoted by 𝑔𝑘(𝜆

𝑡
2) where 𝜆𝑡

2 is the fraction of subscribers
at period 𝑡, and makes a subscription decision in a myopic
way to maximize its expected utility in the current period.7

Then, user 𝑘 subscribes to NSP 𝒮2 at period 𝑡 if and only
if 𝛼𝑘𝑔𝑘(𝜆

𝑡
2) ≥ 𝑝2. We specify that every user expects that

the QoS in the current period is equal to that in the previous
period. That is, we have 𝑔𝑘(𝜆

𝑡
2) = 𝑔(𝜆𝑡−1

2 ) for 𝑡 = 1, 2, . . .,
where 𝜆0

2 is the initial fraction of subscribers.8

6“Fraction of subscribers” of an NSP is used throughout this paper to mean
the proportion of users in the market that subscribe to this NSP.

7An example consistent with our subscription timing is a “Pay-As-You-Go”
plan in which a subscribing user pays a fixed service charge for a unit of time
(day, week, or month) and is free to quit its subscription at any time period,
effective from the next time unit.

8This model of belief formation is called naive or static expectations in
[11]. A similar dynamic model of belief formation and decision making has
been extensively adopted in the existing literature, e.g., [1][5][8].

Our model implies that the fraction of subscribers of NSP
𝒮2 evolves following a sequence {𝜆𝑡

2}∞𝑡=0 in [0, 1] generated
by

𝜆𝑡
2 = ℎ𝑚(𝜆𝑡−1

2 ) ≜ 1− 𝐹

(
𝑝2

𝑔(𝜆𝑡−1
2 )

)
, (2)

for 𝑡 = 1, 2, . . ., starting from a given initial point 𝜆0
2 ∈ [0, 1].

Note that the price 𝑝2 of NSP 𝒮2 is held fixed over time.
Given the user subscription dynamics (2), we are interested in
whether the fraction of subscribers will stabilize in the long
run and, if so, to what value. As a first step, we define an
equilibrium point of the user subscription dynamics.

Definition 1: 𝜆∗
2 is an equilibrium point of the user sub-

scription dynamics in the monopoly market of NSP 𝒮2 if it
satisfies

ℎ𝑚(𝜆∗
2) = 𝜆∗

2. (3)

Definition 3 implies that once an equilibrium point is
reached, the fraction of subscribers remains the same from
that point on. Thus, equilibrium points are natural candidates
for the fixed points in the long run. The following Proposition,
whose proof is deferred to [13], establishes the existence and
uniqueness of an equilibrium point.

Proposition 1. For any non-negative price 𝑝2, there exists a
unique equilibrium point of the user subscription dynamics in
the monopoly market of NSP 𝒮2. □

Although Proposition 1 guarantees the existence of a unique
equilibrium point, it does not provide us with an explicit
expression of the equilibrium point as a function of the
monopoly price. In order to obtain a closed-form expression
of the equilibrium point, we consider a class of simple QoS
functions defined below.

Definition 2: The QoS function 𝑔(⋅) is linearly-degrading
if 𝑔(𝜆2) = 𝑞2 − 𝑐𝜆2 for all 𝜆2 ∈ [0, 1], for some 𝑞2 > 0 and
𝑐 ∈ [0, 𝑞2). In particular, a linearly-degrading QoS function
with 𝑐 = 0, i.e., 𝑔(𝜆2) = 𝑞2 for all 𝜆2 ∈ [0, 1], is referred to
as a constant QoS function.

Linearly-degrading QoS functions model a variety of ap-
plications including flow control and capacity sharing in [9].
It can also be viewed as the first-order Taylor approximation
(around the zero point, i.e., Maclaurin series) of a complicated
QoS function. With a linearly-degrading QoS function and
uniformly distributed valuations of QoS [5][6][9], we can
obtain a simple closed-form expression of the equilibrium
point. Specifically, with 𝑔(𝜆2) = 𝑞2 − 𝑐𝜆2 for 𝜆2 ∈ [0, 1]
and 𝑓(𝛼) = 1/𝛽 for 𝛼 ∈ [0, 𝛽], the equilibrium point of the
user subscription dynamics in the monopoly market of NSP
𝒮2 can be expressed as a function of 𝑝2 as follows:

𝜆∗
2(𝑝2) =

{
𝑞2+𝑐−

√
(𝑞2−𝑐)2+

4𝑐𝑝2
𝛽

2𝑐 , for 𝑝2 ∈ [0, 𝛽𝑞2],
0, for 𝑝2 ∈ (𝛽𝑞2,∞),

(4)
if 𝑐 ∈ (0, 𝑞2), and 𝜆∗

2(𝑝2) = max{0, 1− 𝑝2/(𝛽𝑞2)} if 𝑐 = 0.
Our equilibrium analysis so far guarantees the existence of

a unique stable point of the user subscription dynamics in the
monopoly market. However, it does not discuss whether the
unique stable point will be eventually reached. To answer this
question, we turn to the analysis of the convergence properties
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of the user subscription dynamics. The convergence of the user
subscription dynamics is not always guaranteed, especially
when the QoS provided by the monopolist degrades rapidly
with respect to the fraction of subscribers. As a hypothetical
example, suppose that only a small fraction of users subscribe
to NSP 𝒮2 at period 𝑡 and each subscriber obtains a high QoS.
In our model of belief formation, users expect that the QoS
will remain high at period 𝑡 + 1, and thus a large fraction
of users subscribe at period 𝑡 + 1, which will result in a
low QoS at period 𝑡 + 1. This in turn will induce a small
fraction of subscribers at period 𝑡+ 2. When the QoS is very
sensitive to the fraction of subscribers, the user subscription
dynamics may oscillate around or diverge away from the
equilibrium point and thus convergence may not be obtained.
The following theorem, the proof of which can be found
in [13] provides a sufficient condition under which the user
subscription dynamics always converges.

Theorem 1. For any non-negative price 𝑝2, the user sub-
scription dynamics specified by (2) converges to the unique
equilibrium point starting from any initial point 𝜆0

2 ∈ [0, 1] if

max
𝜆2∈[0,1]

{
−𝑔′(𝜆2)

𝑔(𝜆2)

}
<

1

𝐾
, (5)

where 𝐾 = max𝛼∈[0,𝛽] 𝑓(𝛼)𝛼. □
By applying Theorem 1 to linearly-degrading QoS func-

tions, we obtain the following result.

Corollary 1. If the QoS function 𝑔(⋅) is linearly-degrading,
i.e., 𝑔(𝜆2) = 𝑞2 − 𝑐𝜆2 for 𝜆2 ∈ [0, 1], and

𝑐

𝑞2
<

1

1 +𝐾
, (6)

then the user subscription dynamics converges to the unique
equilibrium point starting from any initial point 𝜆0

2 ∈ [0, 1].
□

The condition (5) in Theorem 1 is sufficient but not nec-
essary for the convergence of the user subscription dynamics.
In particular, we observe through numerical simulations that
in some cases (e.g., 𝑔(𝜆2) = 1 − 0.9𝜆2 for 𝜆2 ∈ [0, 1] and
𝑓(𝛼) = 1 for 𝛼 ∈ [0, 1]) the user subscription dynamics
converges for a wide range of prices although the condition
(5) is violated. Nevertheless, the sufficient condition provides
us with the insight that if QoS degradation is too fast (i.e.,
−𝐾𝑔′(𝜆2) is larger than 𝑔(𝜆2) for some 𝜆2 ∈ [0, 1]), the
dynamics may oscillate or diverge.

It should be noted that we can generalize the user sub-
scription dynamics by assuming that only 𝜖 fraction of users,
where 𝜖 ∈ (0, 1], can change their subscription decisions in
each period while the users form their beliefs as before. Then
the user subscription dynamics is generated by

𝜆𝑡
2 = (1− 𝜖)𝜆𝑡−1

2 + 𝜖ℎ𝑚(𝜆𝑡−1
2 ) (7)

for 𝑡 = 1, 2, . . ., starting from an initial point 𝜆0
2 ∈ [0, 1].

Note that (7) is more general than (2) since (7) reduces to
(2) when 𝜖 = 1. Definition 1 still gives the definition of an
equilibrium point of the user subscription dynamics (7), and
thus the equilibrium (Proposition 1) and convergence analysis
(Theorem 1) are still valid.

B. Revenue Maximization in the Monopoly Market of NSP 𝒮2

Building on the equilibrium analysis of the user subscription
dynamics, we are now interested in finding an optimal price of
NSP 𝒮2 that maximizes its steady-state or equilibrium revenue
in the monopoly market.9 The revenue of NSP 𝒮2 at price 𝑝2
can be expressed as

𝑅2(𝑝2) = 𝑝2𝜆
∗
2(𝑝2), (8)

where 𝜆∗
2(𝑝2) is the equilibrium point of the user subscription

dynamics at price 𝑝2. It can be shown that 𝜆∗
2(0) = 1,

𝜆∗
2(⋅) is strictly decreasing on [0, 𝛽𝑔(0)], and 𝜆∗

2(𝑝2) = 0 for
all 𝑝2 ≥ 𝛽𝑔(0). As a result, NSP 𝒮2 will gain a positive
revenue only if it sets a price 𝑝2 in (0, 𝛽𝑔(0)), and thus
a revenue-maximizing price lies in (0, 𝛽𝑔(0)). However, a
direct method to find an expression of 𝑝2 ∈ (0, 𝛽𝑔(0)) that
maximizes 𝑅2(𝑝2) is mathematically intractable even when
the QoS function is linearly-degrading and the users’ valuation
of QoS is uniformly distributed, since 𝜆∗

2(𝑝2) is an involved
function of 𝑝2 as can be seen in (4). In the following analysis,
we reformulate the revenue maximization problem by applying
the marginal user principle10 [10]. Specifically, we change the
choice variable in the revenue maximization problem.

Suppose that a marginal user exists, whose valuation of QoS
is denoted by 𝛼. Then from the utility function in (1), we can
see that all the users with a valuation of QoS greater than 𝛼
receive a positive utility and thus subscribe to NSP 𝒮2 [6][10].
Hence, when a marginal user has valuation of QoS 𝛼 ∈ [0, 𝛽],
the fraction of subscribers is given by 𝜆2 = 1−𝐹 (𝛼). Also, for
a given price 𝑝2 ∈ [0, 𝛽𝑔(0)], there exists a unique valuation
of QoS of a marginal user 𝛼 ∈ [0, 𝛽], and the relationship
between 𝑝2 and 𝛼 is given by

𝑝2 = 𝛼𝑔(1− 𝐹 (𝛼)). (9)

Based on the above relationships between 𝑝2, 𝛼, and 𝜆2,
we can formulate the revenue maximization problem using
different choice variables as follows:

max
𝑝2∈[0,𝛽𝑔(0)]

𝑝2𝜆
∗
2(𝑝2) = max

𝛼∈[0,𝛽]
𝛼𝑔(1− 𝐹 (𝛼)) [1− 𝐹 (𝛼)]

= max
𝜆2∈[0,1]

𝐹−1(1− 𝜆2)𝑔(𝜆2)𝜆2,

(10)

where 𝐹−1(⋅) is the inverse function of 𝐹 (⋅) defined on
[0, 1].11 It is clear that a solution to each of the above three
problems exists, since the constraint set is compact and the
objective function is continuous. Let 𝑝∗, 𝛼∗, and 𝜆∗∗

2 be a
solution to each respective problem in (10). By imposing an
assumption on the distribution of the users’ valuation of QoS,
we obtain upper and lower bounds on 𝑝∗, 𝛼∗, and 𝜆∗∗

2 in
Proposition 2, whose proof is given in [13].

Proposition 2. Suppose that 𝑓(⋅) is non-increasing on [0, 𝛽].
Then optimal variables solving the revenue maximization

9By focusing on equilibrium revenue, we implicitly assume that the unique
equilibrium point is reached within a finite number of time periods.

10In the monopoly market of NSP 𝒮2, marginal users are users that are
indifferent between subscribing and not subscribing to NSP 𝒮2 given the
received QoS and the charged price. In our model, a marginal user receives
zero utility.

11We define 𝐹−1(0) = 0 and 𝐹−1(1) = 𝛽.
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problem in (10) satisfy 𝐹−1(1/2)𝑔(1/2) ≤ 𝑝∗2 < 𝛽𝑔(0),
𝐹−1(1/2) ≤ 𝛼∗ < 𝛽, and 0 < 𝜆∗∗

2 ≤ 1/2. □
The non-increasing property of 𝑓(⋅) can be considered as

representing a class of emerging markets where there are
fewer users with higher valuations of QoS provided by the
NSP [16]. Proposition 2 shows that when the monopolist
maximizes its revenue in an emerging market, no more than a
half of the users, only those whose valuation is sufficiently
high, are served. Since a uniform distribution satisfies the
non-increasing property, applying Proposition 2 to the case
of a uniform distribution of the users’ valuation of QoS (i.e.,
𝑓(𝛼) = 1/𝛽 and 𝐹 (𝛼) = 𝛼/𝛽 for 𝛼 ∈ [0, 𝛽]) yields
(𝛽/2)𝑔(1/2) ≤ 𝑝∗2 < 𝛽𝑔(0) and 𝛽/2 ≤ 𝛼∗ < 𝛽. If, in
addition, the QoS function satisfies the sufficient condition
(5) for convergence, we obtain tighter bounds on optimal
variables.

Corollary 2. Suppose that 𝑓(𝛼) = 1/𝛽 for 𝛼 ∈ [0, 𝛽]
and −𝑔′(𝜆2)/𝑔(𝜆2) < 1 for all 𝜆2 ∈ [0, 1]. Then optimal
variables solving the revenue maximization problem in (10)
satisfy (𝛽/2)𝑔(1/2) ≤ 𝑝∗2 < [(

√
5 − 1)/2]𝛽𝑔((3 − √

5)/2),
𝛽/2 ≤ 𝛼∗ < [(

√
5 − 1)/2]𝛽, and (3 − √

5)/2 < 𝜆∗∗
2 ≤ 1/2.

□
With a uniform distribution of the users’ valuation of

QoS and a linearly-degrading QoS function, we can obtain
an explicit expression of optimal variables of the revenue
maximization problem as follows:

𝛼∗ =
2𝑐− 𝑞2 +

√
𝑞22 + 𝑐2 − 𝑐𝑞2
3𝑐

𝛽, (11)

𝜆∗∗
2 =

𝑐+ 𝑞2 −
√

𝑞22 + 𝑐2 − 𝑐𝑞2
3𝑐

, (12)

and 𝑝∗2 = 𝛼∗(𝑞2 − 𝑐𝜆∗∗
2 ). It can be shown that both 𝑝∗2 and

𝜆∗∗
2 decrease in 𝑐, which implies that the maximum revenue

is smaller as 𝑐 is larger (i.e., QoS degradation is faster).
Finally, we consider a monopoly market of NSP 𝒮1. Since

NSP 𝒮1 can be considered as having a constant QoS function,
we obtain the following results by specializing the monopoly
analysis so far to a constant QoS function.

Proposition 3. In the monopoly market of NSP 𝒮1, the
following statements hold:
1. For any non-negative price 𝑝1, there exists a unique equi-
librium point 𝜆∗

1 = 1 − 𝐹 (𝑝1/𝑞1), and the user subscription
dynamics generated by (2) always converges to the unique
equilibrium point starting from any initial point 𝜆0

1 ∈ [0, 1].
2. If 𝑓(⋅) is non-increasing on [0, 𝛽], then there exists an
optimal price 𝑝∗1 ∈ [𝐹−1(1/2)𝑞1, 𝛽𝑞1) that maximizes the
revenue of NSP 𝒮1.
3. If 𝑓(𝛼) = 1/𝛽 for 𝛼 ∈ [0, 𝛽], then the optimal values of the
revenue maximization problem are 𝑝∗1 = (𝛽𝑞1)/2, 𝛼∗ = 𝛽/2,
and 𝜆∗∗

1 = 1/2. □

IV. DUOPOLY COMMUNICATION MARKET

In this section, we analyze user subscription dynamics and
revenue maximization in a duopoly communications market
where two competing NSPs 𝒮1 and 𝒮2 operate. We first

analyze the equilibrium and convergence of user subscription
dynamics, and then study revenue maximization in two dif-
ferent scenarios where the NSPs compete by choosing prices
and market shares.

A. User Subscription Dynamics in the Duopoly Market

With the two NSPs operating in the market, each user has
three possible choices at each time instant: subscribe to NSP
𝒮1, subscribe to NSP 𝒮2, and subscribe to neither. As in the
monopoly market, we consider a dynamic model in which the
users update their beliefs and make subscription decisions at
discrete time period 𝑡 = 1, 2, . . .. The users expect that the
QoS provided by NSP 𝒮2 in the current period is equal to that
in the previous period and make their subscription decisions
to myopically maximize their expected utility in the current
period [1][5]. We assume that, other than the subscription
price, there is no cost involved in subscription decisions (e.g.,
initiation fees, termination fees, device prices) when users
switch between NSP 𝒮1 and NSP 𝒮2 [1]. By Assumption 2,
at period 𝑡 = 1, 2 ⋅ ⋅ ⋅ , user 𝑘 subscribes to NSP 𝒮1 if and only
if

𝛼𝑘𝑞1 − 𝑝1 ≥ 𝛼𝑘𝑔(𝜆
𝑡−1
2 )− 𝑝2 and 𝛼𝑘𝑞1 − 𝑝1 ≥ 0, (13)

to NSP 𝒮2 if and only if

𝛼𝑘𝑔(𝜆
𝑡−1
2 )− 𝑝2 > 𝛼𝑘𝑞1 − 𝑝1 and 𝛼𝑘𝑔(𝜆

𝑡−1
2 )− 𝑝2 ≥ 0, (14)

and to neither NSP if and only if

𝛼𝑘𝑞1 − 𝑝1 < 0 and 𝛼𝑘𝑔(𝜆
𝑡−1
2 )− 𝑝2 < 0. (15)

Given the prices (𝑝1, 𝑝2), the user subscription dynamics in
the duopoly market is described by a sequence {(𝜆𝑡

1, 𝜆
𝑡
2)}∞𝑡=0

in Λ = {(𝜆1, 𝜆2) ∈ ℝ
2
+ ∣ 𝜆1 + 𝜆2 ≤ 1} generated by

𝜆𝑡
1 = ℎ𝑑,1(𝜆

𝑡−1
1 , 𝜆𝑡−1

2 ) ≜ 1− 𝐹

(
𝑝1 − 𝑝2

𝑞1 − 𝑔(𝜆𝑡−1
2 )

)
, (16)

𝜆𝑡
2 = ℎ𝑑,2(𝜆

𝑡−1
1 , 𝜆𝑡−1

2 ) ≜ 𝐹

(
𝑝1 − 𝑝2

𝑞1 − 𝑔(𝜆𝑡−1
2 )

)
− 𝐹

(
𝑝2

𝑔(𝜆𝑡−1
2 )

)
(17)

if 𝑝1/𝑞1 > 𝑝2/𝑔(𝜆
𝑡−1
2 ), and by

𝜆𝑡
1 = ℎ𝑑,1(𝜆

𝑡−1
1 , 𝜆𝑡−1

2 ) ≜ 1− 𝐹

(
𝑝1
𝑞1

)
, (18)

𝜆𝑡
2 = ℎ𝑑,2(𝜆

𝑡−1
1 , 𝜆𝑡−1

2 ) ≜ 0 (19)

if 𝑝1/𝑞1 ≤ 𝑝2/𝑔(𝜆
𝑡−1
2 ), for 𝑡 = 1, 2, . . ., starting from a given

initial point (𝜆0
1, 𝜆

0
2) ∈ Λ. Note that there are two regimes

of the user subscription dynamics in the duopoly market, and
which regime governs the dynamics depends on the relative
values of the prices per QoS, i.e., 𝑝1/𝑞1 and 𝑝2/𝑔(𝜆

𝑡−1
2 ).

We give the definition of an equilibrium point, which is
similar to Definition 1.

Definition 3: (𝜆∗
1, 𝜆

∗
2) is an equilibrium point of the user

subscription dynamics in the duopoly market if it satisfies

ℎ𝑑,1(𝜆
∗
1, 𝜆

∗
2) = 𝜆∗

1 and ℎ𝑑,2(𝜆
∗
1, 𝜆

∗
2) = 𝜆∗

2. (20)

We establish the existence and uniqueness of an equilibrium
point and provide equations characterizing it in Proposition 4,
whose proof is deferred to [13].
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Proposition 4. For any non-negative price pair (𝑝1, 𝑝2), there
exists a unique equilibrium point (𝜆∗

1, 𝜆
∗
2) of the user sub-

scription dynamics in the duopoly market. Moreover, (𝜆∗
1, 𝜆

∗
2)

satisfies⎧⎨
⎩

𝜆∗
1 = 1− 𝐹

(
𝑝1
𝑞1

)
, 𝜆∗

2 = 0, if
𝑝1
𝑞1

≤ 𝑝2
𝑔(0)

,

𝜆∗
1 = 1− 𝐹 (𝜃∗1) , 𝜆∗

2 = 𝐹 (𝜃∗1)− 𝐹 (𝜃∗2) , if
𝑝1
𝑞1

>
𝑝2
𝑔(0)

,

(21)
where 𝜃∗1 = (𝑝1 − 𝑝2)/(𝑞1 − 𝑔(𝜆∗

2)) and 𝜃∗2 = 𝑝2/𝑔(𝜆
∗
2). □

Proposition 4 indicates that, given any prices (𝑝1, 𝑝2), the
market shares of the two NSPs are uniquely determined when
the fraction of users subscribing to each NSP no longer
changes. It also shows that the structure of the equilibrium
point depends on the relative values of 𝑝1/𝑞1 and 𝑝2/𝑔(0).
Specifically, if the price per QoS of NSP 𝒮1 is always smaller
than or equal to that of NSP 𝒮2, i.e., 𝑝1/𝑞1 ≤ 𝑝2/𝑔(0), then
no users subscribe to NSP 𝒮2 at the equilibrium point. On the
other hand, if NSP 𝒮2 offers a smaller price per QoS to its
first subscriber than NSP 𝒮1 does, i.e., 𝑝1/𝑞1 > 𝑝2/𝑔(0), then
both NSP 𝒮1 and NSP 𝒮2 may attract a positive fraction of
subscribers.

We now investigate whether the user subscription dynamics
specified by (16)–(19) stabilizes as time passes. As in the case
of monopoly, the user subscription dynamics is guaranteed
to converge to the unique equilibrium in the duopoly market
when the QoS degradation of NSP 𝒮2 is not too fast. In
the following theorem, we provide a sufficient condition for
convergence and the proof details can be found in [13].

Theorem 2. For any non-negative price pair (𝑝1, 𝑝2), the
user subscription dynamics specified by (16)–(19) converges
to the unique equilibrium point starting from any initial point
(𝜆0

1, 𝜆
0
2) ∈ Λ if

max
𝜆2∈[0,1]

{
−𝑔′(𝜆2)

𝑔(𝜆2)
⋅ 𝑞1
𝑞1 − 𝑔(𝜆2)

}
<

1

𝐾
, (22)

where 𝐾 = max𝛼∈[0,𝛽] 𝑓(𝛼)𝛼. □
Note that the condition (22) imposes a more stringent

requirement on the QoS function 𝑔(⋅) than the condition (5)
does, since 𝑞1/(𝑞1 − 𝑔(𝜆2)) > 1 for all 𝜆2 ∈ [0, 1]. However,
the condition (22) provides us with a similar insight that, if
QoS degradation is severe, the user subscription dynamics may
exhibit oscillation or divergence.

B. Revenue Maximization in the Duopoly Market

We now study revenue maximization in the duopoly mar-
ket. In the economics literature, competition among a small
number of firms has been analyzed using game theory, fol-
lowing largely two distinct approaches: Bertrand competi-
tion and Cournot competition [14]. In Bertrand competition,
firms choose prices independently while supplying quanti-
ties demanded at the chosen prices. On the other hand, in
Cournot competition, firms choose quantities independently
while prices are determined in the markets to equate demand
with the chosen quantities. In the case of monopoly, whether
the monopolist chooses the price or the quantity does not

affect the outcome since there is a one-to-one relationship
between the price and the quantity given a downward-sloping
demand function. This point was illustrated with our model
in Section III-B. On the contrary, in the presence of strategic
interaction, whether firms choose prices or quantities can affect
the outcome significantly. For example, it is well-known that
identical firms producing a homogeneous good obtain zero
profit in the equilibrium of Bertrand competition while they
obtain a positive profit in the equilibrium of Cournot compe-
tition, if they have a constant marginal cost of production and
face a linear demand function.

We first consider Bertrand competition between the two
NSPs. Let 𝜆∗

𝑖 (𝑝1, 𝑝2) be the market share of NSP 𝒮𝑖, for
𝑖 = 1, 2, at the unique equilibrium point of the considered user
subscription dynamics given a price pair (𝑝1, 𝑝2). 𝜆∗

𝑖 (⋅) can be
interpreted as a demand function of NSP 𝒮𝑖, and the revenue
of NSP 𝒮𝑖 at the equilibrium point can be expressed as12

𝑅𝑖(𝑝1, 𝑝2) = 𝑝𝑖𝜆
∗
𝑖 (𝑝1, 𝑝2), for 𝑖 = 1, 2. Bertrand competition

in the duopoly market can be formulated as a non-cooperative
game specified by

𝒢𝐵 = {𝒮𝑖, 𝑅𝑖(𝑝1, 𝑝2), 𝑝𝑖 ∈ ℝ+ ∣ 𝑖 = 1, 2} . (23)

A price pair (𝑝∗1, 𝑝
∗
2) is said to be a (pure) NE of 𝒢𝐵 (or a

Bertrand equilibrium) if it satisfies

𝑅𝑖(𝑝
∗
𝑖 , 𝑝

∗
−𝑖) ≥ 𝑅𝑖(𝑝𝑖, 𝑝

∗
−𝑖), ∀ 𝑝𝑖 ∈ [0,+∞), ∀ 𝑖 = 1, 2 . (24)

It can be shown that, if a Bertrand equilibrium (𝑝∗1, 𝑝
∗
2) exists,

it must satisfy

0 <
𝑝∗2
𝑔(0)

<
𝑝∗1
𝑞1

< 𝛽 (25)

and 𝜆∗
𝑖 (𝑝

∗
1, 𝑝

∗
2) ∈ (0, 1) so that 𝑅𝑖(𝑝

∗
1, 𝑝

∗
2) > 0, for 𝑖 = 1, 2.

However, since the functions 𝜆∗
𝑖 (𝑝1, 𝑝2), 𝑖 = 1, 2, are defined

implicitly by (21), it is difficult to provide a primitive condition
on 𝑔(⋅) that guarantees the existence of a Bertrand equilibrium.

We now consider Cournot competition between the two
NSPs. Let 𝜆𝑖 ∈ [0, 1] be the market share chosen by NSP
𝒮𝑖, for 𝑖 = 1, 2. Suppose that 𝜆1 + 𝜆2 ≤ 1 so that the
chosen market shares are feasible. Let 𝑝𝑖(𝜆1, 𝜆2), 𝑖 = 1, 2,
be the prices that clear the market, i.e., the prices that satisfy
𝜆𝑖 = 𝜆∗

𝑖 (𝑝1(𝜆1, 𝜆2), 𝑝2(𝜆1, 𝜆2)) for 𝑖 = 1, 2. Note first that,
given a price pair (𝑝1, 𝑝2), if a user 𝑘 subscribes to NSP 𝒮1,
i.e., 𝛼𝑘𝑞1−𝑝1 ≥ 𝛼𝑘𝑔(𝜆2)−𝑝2 and 𝛼𝑘𝑞1−𝑝1 ≥ 0, then all the
users whose valuation of QoS is larger than 𝛼𝑘 also subscribe
to NSP 𝒮1. Also, if a user 𝑘 subscribes to one of the NSPs, i.e.,
max{𝛼𝑘𝑞1 − 𝑝1, 𝛼𝑘𝑔(𝜆2)− 𝑝2} ≥ 0, then all the users whose
valuation of QoS is larger than 𝛼𝑘 also subscribe to one of the
NSPs. Therefore, realizing positive market shares 𝜆1, 𝜆2 > 0
requires two types of marginal users whose valuations of QoS
are specified by 𝛼𝑚,1 and 𝛼𝑚,2 with 𝛼𝑚,1 > 𝛼𝑚,2. 𝛼𝑚,1 is
the valuation of QoS of a marginal user that is indifferent
between subscribing to NSP 𝒮1 and NSP 𝒮2, while 𝛼𝑚,2 is
the valuation of QoS of a marginal user that is indifferent
between subscribing to NSP 𝒮2 and neither. The expressions

12Without causing ambiguity, in the following analysis, we also express the
revenue of an NSP as a function of the fraction of subscribers.
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for 𝛼𝑚,1 and 𝛼𝑚,2 that realizes (𝜆1, 𝜆2) such that 𝜆1, 𝜆2 > 0
and 𝜆1 + 𝜆2 ≤ 1 are given by

𝛼𝑚,1(𝜆1, 𝜆2) = 𝑧1(𝜆1) ≜ 𝐹−1(1− 𝜆1), (26)

𝛼𝑚,2(𝜆1, 𝜆2) = 𝑧2(𝜆1, 𝜆2) ≜ 𝐹−1(1− 𝜆1 − 𝜆2). (27)

Also, by solving the indifference conditions, 𝛼𝑚,1𝑞1 − 𝑝1 =
𝛼𝑚,1𝑔(𝜆2)− 𝑝2 and 𝛼𝑚,2𝑔(𝜆2)− 𝑝2 = 0, we obtain a unique
price pair that realizes (𝜆1, 𝜆2) such that 𝜆1, 𝜆2 > 0 and 𝜆1+
𝜆2 ≤ 1,

𝑝1(𝜆1, 𝜆2) =𝐹−1(1− 𝜆1) [𝑞1 − 𝑔(𝜆2)]

+ 𝐹−1(1− 𝜆1 − 𝜆2)𝑔(𝜆2), (28)

𝑝2(𝜆1, 𝜆2) =𝐹−1(1− 𝜆1 − 𝜆2)𝑔(𝜆2). (29)

Note that the expressions (26)–(29) are still valid even when
𝜆𝑖 = 0 for some 𝑖 = 1, 2, although uniqueness is no longer
obtained. Hence, we can interpret 𝑝𝑖(⋅), 𝑖 = 1, 2, as a function
defined on Λ (an inverse demand function in economics
terminology). Then the revenue of 𝒮𝑖 when the NSPs choose
(𝜆1, 𝜆2) ∈ Λ is given by 𝑅𝑖(𝜆1, 𝜆2) = 𝜆𝑖𝑝𝑖(𝜆1, 𝜆2), for
𝑖 = 1, 2. We define 𝑅𝑖(𝜆1, 𝜆2) = 0, 𝑖 = 1, 2, if 𝜆1 + 𝜆2 > 1,
i.e., if the market shares chosen by the NSPs are infeasible.
Cournot competition in the duopoly market can be formulated
as a non-cooperative game specified by

𝒢𝐶 = {𝒮𝑖, 𝑅𝑖(𝜆1, 𝜆2), 𝜆𝑖 ∈ [0, 1] ∣ 𝑖 = 1, 2} . (30)

A market share pair (𝜆∗∗
1 , 𝜆∗∗

2 ) is said to be a (pure) NE of
𝒢𝐶 (or a Cournot equilibrium) if it satisfies

𝑅𝑖(𝜆
∗∗
𝑖 , 𝜆∗∗

−𝑖) ≥ 𝑅𝑖(𝜆𝑖, 𝜆
∗∗
−𝑖), ∀ 𝜆𝑖 ∈ [0, 1], ∀ 𝑖 = 1, 2 . (31)

Note that (1, 1) is a NE of 𝒢𝐶 , which yields zero profit to
both NSPs. To eliminate this inefficient and counterintuitive
equilibrium, we can restrict the strategy space of each NSP to
[0, 1). Deleting 1 from the strategy space can also be justified
by noting that 𝜆𝑖 = 1 is a weakly dominated strategy for
NSP 𝒮𝑖, for 𝑖 = 1, 2, since 𝑅𝑖(1, 𝜆−𝑖) = 0 ≤ 𝑅𝑖(𝜆𝑖, 𝜆−𝑖) for
all (𝜆𝑖, 𝜆−𝑖) ∈ [0, 1]2.13 We use 𝒢𝐶 to represent the Cournot
competition game with the restricted strategy space [0, 1). The
following lemma, the proof of which is available in [13],
bounds the market shares that solve the revenue maximization
problem of each NSP, when the PDF of the users’ valuation
of QoS satisfies the non-increasing property as in Proposition
2.

Lemma 1. Suppose that 𝑓(⋅) is non-increasing on [0, 𝛽]. Let
𝜆̃𝑖(𝜆−𝑖) be a market share that maximizes the revenue of NSP
𝒮𝑖 provided that NSP 𝒮−𝑖 chooses 𝜆−𝑖 ∈ [0, 1), i.e., 𝜆̃𝑖(𝜆−𝑖) ∈
argmax𝜆𝑖∈[0,1) 𝑅𝑖(𝜆𝑖, 𝜆−𝑖). Then 𝜆̃𝑖(𝜆−𝑖) ∈ (0, 1/2] for all
𝜆−𝑖 ∈ [0, 1), for all 𝑖 = 1, 2. Moreover, 𝜆̃𝑖(𝜆−𝑖) ∕= 1/2 if
𝜆−𝑖 > 0, for 𝑖 = 1, 2. □

Lemma 1 implies that, when the strategy space is specified
as [0, 1) and 𝑓(⋅) satisfies the non-increasing property, strate-
gies 𝜆𝑖 ∈ {0} ∪ (1/2, 1) is strictly dominated for 𝑖 = 1, 2.14

13𝜆𝑖 ∈ [0, 1] is a weakly dominated strategy for NSP 𝒮𝑖 in 𝒢𝐶 if there
exists another strategy 𝜆′

𝑖 ∈ [0, 1] such that 𝑅𝑖(𝜆𝑖, 𝜆−𝑖) ≤ 𝑅𝑖(𝜆
′
𝑖, 𝜆−𝑖) for

all 𝜆−𝑖 ∈ [0, 1].
14𝜆𝑖 ∈ [0, 1) is a strictly dominated strategy for NSP 𝒮𝑖 in 𝒢𝐶 if there

exists another strategy 𝜆′
𝑖 ∈ [0, 1) such that 𝑅𝑖(𝜆𝑖, 𝜆−𝑖) < 𝑅𝑖(𝜆

′
𝑖, 𝜆−𝑖) for

all 𝜆−𝑖 ∈ [0, 1).

Hence, if a NE (𝜆∗∗
1 , 𝜆∗∗

2 ) of 𝒢𝐶 exists, then it must satisfy
(𝜆∗∗

1 , 𝜆∗∗
2 ) ∈ (0, 1/2)2, which yields positive revenues for both

NSPs. Furthermore, since a revenue-maximizing NSP never
uses a strictly dominated strategy, the set of NE of 𝒢𝐶 is not
affected by restricting the strategy space to [0, 1/2]. Based on
the discussion so far, we can provide a sufficient condition on
𝑓(⋅) and 𝑔(⋅) that guarantees the existence of a NE of 𝒢𝐶 in
Theorem 3. The proof can be found in [13].

Theorem 3. Suppose that 𝑓(⋅) is non-increasing and con-
tinuously differentiable on [0, 𝛽].15 If 𝑓(⋅) and 𝑔(⋅) satisfy
(32) and (33) (shown on the top of the next page), for all
(𝜆1, 𝜆2) ∈ [0, 1/2]2, then the game 𝒢𝐶 has at least one NE.
□

Note that the condition (5) in Theorem 1 can be rewritten
as 𝑔(𝜆2) + 𝐾𝑔′(𝜆2) > 0 for all 𝜆2 ∈ [0, 1], where 𝐾 =
max𝛼∈[0,𝛽] 𝑓(𝛼)𝛼. Similarly, we can interpret the conditions
(32) and (33) as providing upper bounds for −𝑔′(𝜆2)/𝑔(𝜆2)
that are determined by 𝑓(⋅).16 When the users’ valuation of
QoS is uniformly distributed, the conditions (32) and (33)
coincide and reduce to 𝑔(𝜆2) + 𝜆2𝑔

′(𝜆2) ≥ 0, and thus we
obtain the following corollary.

Corollary 3. Suppose that the users’ valuation of QoS is
uniformly distributed, i.e., 𝑓(𝛼) = 1/𝛽 for 𝛼 ∈ [0, 𝛽]. If
𝑔(𝜆2) + 𝜆2𝑔

′(𝜆2) ≥ 0 for all 𝜆2 ∈ [0, 1/2], then the game
𝒢𝐶 has at least one NE. □

Corollary 3 states that if the elasticity of the QoS provided
by NSP 𝒮2 with respect to the fraction of its subscribers is
no larger than 1 (i.e., −[𝑔′(𝜆2)𝜆2/𝑔(𝜆2)] ≤ 1), the Cournot
competition game with the strategy space [0, 1) has at least one
NE. As mentioned before, this condition is analogous to the
sufficient conditions for convergence in that it requires that the
QoS provided by NSP 𝒮2 cannot degrade too fast with respect
to the fraction of subscribers.

We briefly discuss an iterative process to reach a NE of the
Cournot competition game. Theorem 3 is based on the fact
that the Cournot competition game with the strategy space
[0, 1/2] can be transformed to a supermodular game [15] when
(32) and (33) are satisfied. It is known that the largest and
the smallest NE of a supermodular game can be obtained
by iterated strict dominance, which uses the best response.
However, a detailed analysis of this process requires an explicit
expression of the best response correspondence of each NSP,
which is not readily available without specific assumptions on
𝑓(⋅) and 𝑔(⋅). Finally, we mention that the existence result
of NE, although important in its own right, is only the first
step toward understanding competition between the two NSPs.
Subsequent issues, including the uniqueness of NE, the effects
of 𝑓(⋅) and 𝑔(⋅) on NE, and comparison between the monopoly
outcome and the duopoly outcome, are left for our future work.

15We define the derivative of 𝑓(⋅) at 0 and 𝛽 using a one-sided limit as in
footnote 4.

16In fact, the result of Theorem 3 also holds when the directions of the
inequalities in (32) and (33) are opposite. However, we choose the directions
as in (32) and (33) in order to provide an analogous interpretation to that of
the sufficient conditions (5) and (22) for convergence.
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{
1

𝑓(𝐹−1(1− 𝜆1 − 𝜆2))
+

𝜆1𝑓
′(𝐹−1(1− 𝜆1 − 𝜆2))

[𝑓(𝐹−1(1− 𝜆1 − 𝜆2))]3

}
𝑔(𝜆2)

+

{
𝐹−1(1− 𝜆1)− 𝜆1

𝑓(𝐹−1(1− 𝜆1))
− 𝐹−1(1− 𝜆1 − 𝜆2) +

𝜆1

𝑓(𝐹−1(1− 𝜆1 − 𝜆2))

}
𝑔′(𝜆2) ≥ 0 (32)

{
1

𝑓(𝐹−1(1− 𝜆1 − 𝜆2))
+

𝜆2𝑓
′(𝐹−1(1− 𝜆1 − 𝜆2))

[𝑓(𝐹−1(1− 𝜆1 − 𝜆2))]3

}
𝑔(𝜆2) +

𝜆2

𝑓(𝐹−1(1− 𝜆1 − 𝜆2))
𝑔′(𝜆2) ≥ 0 (33)

V. ILLUSTRATIVE EXAMPLE

In this section, we apply the analysis to an illustrative
communications market with two NSPs. To facilitate the
illustration, for NSP 𝒮2, we consider linearly-degrading QoS
functions for NSP 𝒮2 [9]. In the considered example, we have
𝑞1 = 2, 𝑔(𝜆2) = 1 − 𝑐𝜆2 for 𝜆2 ∈ [0, 1], where 𝑐 ∈ [0, 1)
is constant, and 𝑓(𝛼) = 1 for 𝛼 ∈ [0, 1]. Note that, for
𝑔(𝜆2) = 1− 𝑐𝜆2, a larger value of the QoS degradation rate 𝑐
means a worse technology in terms of QoS provisioning [9].

A. Monopoly Market

We first consider the monopoly market of NSP 𝒮2. Fig. 2(a)
illustrates the convergence of the user subscription dynamics
for a particular price 𝑝2 = 0.5, when 𝑐 = 1/8 and 𝑐 = 1/2.
Note that given any price 𝑝2 ≥ 0, convergence will always
be obtained with 𝑐 = 1/8, since the QoS function 𝑔(𝜆2) =
1−𝜆2/8 satisfies the sufficient condition for convergence given
in Theorem 1. Although the sufficient condition is violated
when 𝑐 = 1/2, convergence is also observed for 𝑝2 = 0.5.
In Figs. 2(b) and 2(c), we show the graph of the revenue of
NSP 𝒮2 when the choice variable is taken as the price and
the market share, respectively. Fig. 2(c) verifies Proposition
2 that the optimal market share that maximizes the revenue
of NSP 𝒮2 is upper bounded by 1/2. From Figs. 2(b) and
2(c), we notice that a better technology (i.e., a smaller QoS
degradation rate) leads NSP 𝒮2 to set a higher price, serve a
larger fraction of subscribers, and thus earn a larger revenue.
This result implies that a monopolistic NSP has an incentive
to invest in advanced technologies to provide a higher QoS as
long as the benefit from the investment exceeds the fixed cost.

B. Duopoly Market

Next, we show some numerical results regarding conver-
gence and market share competition in a duopoly market. The
convergence of user subscription dynamics is shown in Fig.
3(a) for a particular price pair. Starting from different initial
points, Figs. 3(b) and 3(c) show the (best-response) iterations
of revenues and market shares, respectively, when both 𝒮1 and
𝒮2 choose the optimal17 market shares that maximize their own
revenues while regarding the market share of its competitor as
fixed. Since the considered QoS function satisfies Corollary
3, the game can be transformed into a supermodular game
and hence the best-response dynamics is known to converge
to a pure NE [15], as verified in Fig. 3(c). It is interesting to

17The best response is computed numerically.

see that, regardless of the initial points18, all the iterations
converge to the same point, suggesting that there exists a
unique NE in the market share competition game 𝒢. Moreover,
Lemma 1 is verified by Fig. 3(c) which shows that the desired
market shares of both 𝒮1 and 𝒮2 are less than 1

2 , given any
initial points. It can also be observed from Figs. 3(b) and
3(c) that if NSP 𝒮2 has a technology that provides a lower
QoS (shown in dashed lines), it obtains a lower revenue, while
NSP 𝒮1 obtains a higher revenue, even though the changes in
market shares are not significant. This is because NSP 𝒮2 has
to decrease its price in order to maintain the market share if
it can only provide a lower QoS, while NSP 𝒮1 can charge a
higher price without loosing the market share.

By comparing Figs. 2(c) and 3(c), we notice that competi-
tion reduces NSP 𝒮2’s market share, since some users prefer
to subscribe to NSP 𝒮1 that can provide a higher constant
QoS. Similarly, Figs. 2(c) and 3(b) indicate that competition
reduces NSP 𝒮2’s optimal revenue, as NSP 𝒮2 charges a lower
price and fewer users subscribe to NSP 𝒮2 when NSP 𝒮1

also operates in the market. In Table I, we compare the user
welfare, which is defined as the sum utility of all the users
that subscribe to either of the NSPs, in monopoly and duopoly
markets. It shows that the users benefit significantly from NSP
competition. This can be explained by the fact that the charged
price is reduced and that a new NSP with sufficient resources
is introduced in the duopoly market. Therefore, the users have
more freedom to choose the NSPs and gain extra benefits when
there is competition in the market.

TABLE I
COMPARISON OF USER WELFARE

𝑔(𝜆2) = 1− 𝜆2
2

𝑔(𝜆2) = 1− 𝜆2
8

Monopoly 0.0704 0.1098
Duopoly 0.3333 0.3389

VI. CONCLUSION

In this paper, we investigated the interaction between tech-
nologies, user subscription dynamics and pricing strategies.
First, we focused on a monopoly market where only one
resource-constrained NSP operates, providing each user with
a QoS that depends on the number of subscribers. We showed
that, for any price, there exists a unique equilibrium point
of the user subscription dynamics at which the number of
subscribers does not change. We also provided a sufficient

18In the illustrative example, we only show results given initial points that
satisfy 𝜆1 + 𝜆2 = 0.9.
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Fig. 2. Monopoly market with NSP 𝒮2 only.
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Fig. 3. Duopoly market with NSP 𝒮1 and NSP 𝒮2.

condition on the QoS function that ensures the global con-
vergence of the user subscription dynamics. Under a non-
increasing PDF of the users’ valuations of QoS, we then
derived upper and lower bounds on the optimal price and
the resulting market share that maximize the NSP’s revenue.
Next, we analyzed a duopoly market by adding another NSP
with sufficient resources to provide a constant QoS to its sub-
scribers. It was shown that, for any prices, the considered user
subscription dynamics always admits a unique equilibrium
point. We further obtained a sufficient condition on the QoS
function to guarantee the convergence of the user subscription
dynamics. Then, we studied competition between the two
revenue-maximizing NSPs, primarily focusing on market share
competition. We modeled the NSPs as strategic players in
a non-cooperative game where each NSP aims to maximize
its own revenue by choosing its market share. We obtained
a sufficient condition that ensures the existence of at least
one NE of the game. Finally, the illustrative example showed
that the QoS function significantly influences the subscription
decisions of the users and competition between the NSPs in
such a way that both the users and the resource-constrained
NSP benefit from a higher QoS (i.e., better technology) of the
NSP.
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