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Appendix A1 

1) Proof of Proposition 1 

Given the SCP p , each supplier’s decision problem can be formulated as a continuous-time Markov 

decision process which is defined as follows: 

 State ( , )s kq ; 

 Action a ; 

 Policy w ; 

 State transition probability ( | , ) ( | , ) ( )f s s a p k f kw jq q¢ ¢ ¢= ; 

 Value function ( , , )U kq w . 

Since this Markov decision process has a finite state space and is ergodic, it is shown in [1] that there 

is always a unique optimal policy *w .  

We then prove statement (i) and (ii). First, suppose that there is a pair ( , )kq  such that * ( , ) (0, )k kpw q Î . 

According to (A1), we have that  

 
'

* * *( , , )= ( ) ( , ) ( | , ) ( , )U k qk c k p k Vj
p p p

j
w

q

l
q w y q w q q q q w

l d
¢ ¢- +

+ å . (A1) 

If a supplier takes 0a =  instead of * ( , )kpw q  when its state is ( , )kq , { ( | , )}p kw q q¢  does not change 

since the supplier will receive punishments whenever it deviates from a k= . Hence, its expected long-

term utility becomes 
'

*( ) ( | , ) ( , )qk p k Vj

j q
w p

l
y q q q q w

l d
¢ ¢+

+ å  which is always higher than *( , , )U k pq w . 

According to the one-shot deviation principle, *
pw  is not the optimal strategy, which leads to a 

contradiction. Therefore, it is proved that *( , ) {0, }k kpw q Î  always holds. 

Therefore to prove statement (ii), we only have to show that if * ( , ) 0kpw q =  for some q , then 

*( , ) 0kpw q ¢ =  for any q q¢ < .  

                                                           
1 The equations in the appendix are numbered in the format (A#) in order to differentiate with the equations in the manuscript which are 

numbered in the format (#).  
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Suppose that * ( , ) 0kpw q =  for some q . Then according to the one-shot deviation principle, its expected 

long-term utility, i.e. * *( ) ((1 ) ( , ) (0, )qk V Vj
p p

j

l
y q b q w b w

l d
+ - +

+
, is higher than the expected long-term 

utility when it chooses to play a k= , i.e. 
'

*( ) ( | , , ) ( , )qk ck p k k Vj
p

j q

l
y q q q q w

l d
¢ ¢- +

+ å . Here ( | , , )p k aq q¢  

denotes the reputation transition probability when the action a  is chosen. Therefore, we have that 

* * *(1 )[ ( 1, ) ( ) ( , ) (0, )]kkc V V Vj
p p p

j

l
g a q w b a q w b w

d l
> - + + - -

+
. 

Without loss of generality, we assume that * ( 1, )k kpw q- = . Using the same argument, we have that 

* * *(1 )[ ( , ) ( ) ( 1, ) (0, )]kkc V V Vj
p p p

j

l
g a q w b a q w b w

d l
£ - + - - -

+
. However, it has been proved in [2] that 

given the reputation update scheme (1) and the threshold-based pricing scheme y  in the manuscript, it is 

always true that * *( 1, ) ( , ),  V Vp pq w q w q+ ³ "  and also * * * *( 1, ) ( , ) ( , ) ( 1, ),  V V V Vp p p pq w q w q w q w q+ - ³ - - " . 

Therefore, we have 

 * * * * * *( 1, ) ( ) ( , ) (0, ) ( , ) ( ) ( 1, ) (0, )V V V V V Vp p p p p pa q w b a q w b w a q w b a q w b w+ + - - ³ + - - - .(A2) 

Hence, we have a contradiction and * ( 1, )k kpw q- =  cannot hold. Since this conclusion is valid for all 

q , we should have *( , ) 0kpw q ¢ =  for any q q¢ <  if *( , ) 0kpw q = , and statement (ii) follows. ■ 

2) Proof of Proposition 2 

According to the one-shot deviation principle, an SCP is sustainable if and only if 

( , ) ( , )coop devU k U kq q³  holds for any pair ( , )kq , i.e.  

 

'

( ) ( | , ) ( , ) ( ) ((1 ) ( , ) (max{ 1, 0}, ))coop coop coop coopqkI h ck p k V qkI h V Vj j

j jq

l l
q q q q w q b q w b q w

d l d l
¢³ - + ³ ³ + - + -

+ +å

. (A3) 
With simple manipulations on (A3), we obtain (8) and Proposition 2 follows. ■ 

3) Proof of Theorem 1 

Let  

 ,

1
[ (min{ 1, }, ) ( ) ( , ) (0, )]k

k coop coop coopV L V V
k

j
q

j

l g
a q w b a q w b w

d l

-
P = + + - -

+
   (A4) 
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denote a supplier’s incentive constraint at reputation q , an SCP p  is sustainable if and only if ,k cqP ³  

for any q  and k .  

First, it has been shown in [2] that given the reputation update scheme (1) and the threshold-based 

pricing scheme y  in the manuscript, it is always true that * *( 1, ) ( , ),  V Vp pq w q w q+ ³ "  and also 

* * * *( 1, ) ( , ) ( , ) ( 1, ),  V V V Vp p p pq w q w q w q w q+ - ³ - - " . Therefore, ,kqP  monotonically increases with q  and 

by transforming the above condition (A4), we have that that an SCP p  is sustainable only if 

0,

1
[ (1, ) (0, )]k

k coop coopV V c
k

j

j

l g
a w w

d l

-
P = - ³

+
 for any k , which is maximized when ( ) 1h y = . Hence, 

it can be concluded that if an SCP p  with 1h >  is sustainable, then an SCP p¢  is also sustainable where 

its pricing threshold is 1h =  and the other parameters are the same with p .  

Now we look at the social welfare of a sustainable SCP. Since the social welfare is proportional to the 

fraction of suppliers whose reputations are no less than the threshold h , i.e. 

 ( ) 1  ( )
coop coop

h h
w w

q q

h q h q
³ <

= -å å . Hence, it is always true that  ( ) 1  (0)
coop coop

h
w w

q

h q h
³

£ -å . Therefore to 

summarize, if there is an SCP p  with 1h >  that is sustainable, we can always construct another 

sustainable SCP p¢  where its pricing threshold is 1h =  and the other parameters are the same with p  

such that the social welfare under p¢  being 1  (0)
coopwh- , which is higher than that under p . That is, the 

optimal sustainable SCP always has 1h = . 

Also, it should be noted that given a pricing threshold h , the expected one-stage game utility of a 

supplier whose reputation hq ³  is always max

min

( ) ( )
k

k
q c f k kdk

j

j j- ò , which is not influenced by the selection 

of L . Therefore, 0,kP  remains unchanged when the value of L  changes as long as L h³ . We can thus 

conclude that if an SCP p¢  is also sustainable with its pricing threshold being 1h =  and 1L > , then an 

SCP p¢¢  with 1L =  and all the other parameters same as p¢  is also sustainable. Given the fact that the 

social welfare under p¢  and p¢¢  are both 1  (0)
coopwh- , we can conclude that if sustainable SCPs exist, 

then there is always an optimal SCP which delivers the highest social welfare with 1h =  and 1L > . 

Therefore, Theorem 1 follows. ■  

4) Proof of Proposition 3 

With two-level reputation, an SCP p  is sustainable if and only if  
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 (1 ) [ ( , ) ( , )]k coop coopkc V H V Bj

j
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+
,  (A5) 

and 

 (1 ) [ ( , ) ( , )]k coop coopkc V H V Bj

j

l
g a w w

d l
£ - -

+
.  (A6) 

 Substituting (9) into (A5) and (A6), we have  

 
1

1 [(1 )(1 ) (1 )]k

k qkc j j

j j
j j

j

l
b
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l d

£
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+

,  (A7) 

and  

 
1

1 [(1 )(1 ) (1 )]k

k qkc j j

j j
j j

j

l
a

g d l l
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l d

£
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- - - + -
+

.  (A8) 

Hence, the minimum of the RHS of (A7) and (A8) is maximized when 1a =  and 1b = and 

consequently, when  

 
1 k

kc
k qj
j

j

l

g d l
£

- +
.  (A9) 

holds for all k , sustainable SCPs exist. Since (A9) equals to (10), Proposition 3 follows. ■ 

5) Proof of Corollary 1 

Consider a task of load [ , ]min maxK K KÎ . According to Proposition 4, the sufficient and necessary 

condition for a supplier working on this task to comply with the SCP can be expressed as follows 

 
( )/(1 ) ( )K K K

Kc
k q

K

j
jj

j

l

d le j
£

+-
.  (A10) 

Hence, it is obvious that when ( )Kj  ¥ , ( )/(1 ) ( ) 0K K K Kje j-   and thus the LHS of (A10) 

approaches to infinity. Since the RHS of (A10) is finite, (A10) can never be satisfied. As a result, it can be 

concluded that suppliers have sufficient incentive to comply with the SCP in a task of load K  when 

( )Kj  is smaller than some integer Kn . Since this argument holds for all possible values of K , Corollary 

1 follows with max [ , ]
max { }
min max

KK K K
n n

Î
= . ■  

6) Proof of Theorem 2 

From the manuscript, we have the average long-term utility of a supplier to be expressed as 
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  ( , ) ( ) ( ( | ) ( , ) ( | ) ( , ))coop coop coop coop coopV H k q c p H H V H p B H V Bj
j

j

l
w w w

l d
= - + +

+
 (A11) 

and  

 ( , ) ( ( | ) ( , ) ( | ) ( , ))coop coop coop coop coopV B k c p H BV H p B BV Bj
j

j

l
w w w

l d
= - + +

+
.  (A12) 

Here max

min

( | ) ( | , ) ( ) 1 (1 )
k

c po k c oo p op H H p H H k f k dk
j

j j j jg g b= = - + -ò  and 

max

min

( | ) ( | , ) ( ) (1 )(1 )c

k

coop k oopp B B p B B k f k dk
j

j j j jg a g= = - - +ò . Meanwhile, we have 

*

(1 )( | )
( )

( | ) ( | ) (1 )
coop

coop coop

p H B
H

p H B p B Hp

j
w

j j

g a
h

g a g b

-
= =

+ - +
. Hence the optimal ja  and jb  can be solved in 

the following optimization problem 
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- +
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 . (A13) 

Suppose j jb a> , we then have 

1 [(1 )(1 ) (1 )] 1 [(1 )(1 ) (1 )]

k q k qj j j j
j j

j j j j
j j j j j j j j

j j

l l
b a

d l l d l l
g a g b g a g b

l d l d

>
+ +

- - - + - - - - + -
+ +

. 

Hence, it is obvious that there always exist a sufficiently small D  such that the SCP is still sustainable 

while the social welfare increases by replacing jb  with jb -D . This contradicts the fact that jb  is the 

optimal SCP and hence we have j jb a£ always holds.  
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Since j jb a£ , it is always true that 

min max[ , ]
max

1
1 [(1 )(1 ) (1 )]

k k k k

k qkc
j j

j j
j

j j
j j j j

j

l
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g d l l
g a g b

l d

Î
=
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 and 

1
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j
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. Using simple manipulation, it can be derived 

that 1ja =  and 
min max[ , ]
max

(1 )

k

k k k k k

k q k q
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ì üï ï+ï ïï ï-ï ïï ïï ïï ï= í ýï ï- -ï ïï ïï ïï ïï ïï ïî þ

. Hence, Theorem 2 follows. ■ 

7) Proof of Proposition 4 

According to (10), it is straightforward that there are two regions [ , ]B Bk k  and [ , ]H Hk k  such that a 

supplier has sufficient incentive to cooperate if and only if the job load [ , ]B Bk k kÎ  when its reputation is 

B  and [ , ]H Hk k kÎ  when its reputation is H . If Bk k< , then the expected error probability 

/1 (1 )K kkg e= - -  is too large such that a supplier of reputation B  loses its incentive to cooperate. On 

the other hand, if Bk k> , the immediate cost for providing resources is too large such that a supplier of 

reputation B  also do not want to cooperate. The same argument applies to [ , ]H Hk k . 

 Hence, for a task of load K , it is optimal to divide the load into as few jobs as possible such that the 

failure probability of this task is minimized while the resulting load for each job falls in the regions 

[ , ]B Bk k  and [ , ]H Hk k . Hence, we have */ ( ) min{ , }B HK K k kj £  and */ ( ( ) 1) min{ , }B HK K k kj - > . 

Suppose * *( ) ( )K Kj j ¢>  with K K ¢< , it is obvious that 

* * */ ( ) / ( ( ) 1) / ( ( ) 1) min{ , }B HK K K K K K k kj j j¢ ¢ ¢³ + > + > . Hence, suppliers will not cooperate in 

this task, which contradicts the claim that *( )Kj ¢  is the optimal job allocation for this task. ■ 
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